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ABSTRACT

In this paper, we will apply the Exp-function method with the aid of Maple
software to solve the nonlinear Burger-Fisher equation.

The Exp-function method is one of the most recent analytical methods which used
to solve various types of nonlinear partial differential equations (PDEs). These
nonlinear PDEs are transformed first into nonlinear ordinary differential equations
(ODEs) and then by using the ansatz of the Exp-function method for balancing the
highest order of linear and nonlinear terms in nonlinear ODE., we obtain the exact
solution.

Keywords: Exact solutions; The Exp-function ansatz; nonlinear partial differential
equations; nonlinear Burger-Fisher equation.
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Introduction

In the recent years, searching for the exact solutions to the nonlinear partial
differential equations is one of the most important subjects in plasma physics,
mechanics, biology, chemistry, engineering, fluid mechanics optical fibers and
etc. Study of exact solutions of nonlinear PDEs will help to study physical
phenomenon [11], [16].

The problem of the study is that nonlinear Burger-Fisher equation is difficult
to solve by direct methods. Thus, we resort to modern methods such as the Exp-
function method to obtain exact solutions [8], [9].

The Exp-function method is one of the most recent analytical methods used
for the solution of nonlinear PDEs [12]. This method has been used by many
authors in a wide variety of physical problems and engineering applications to
solve different types of nonlinear PDEs [9], [15].

The Exp-function method was first proposed by He and Wu in 2006 [10]. This
method plays an important role in searching for analytic solutions of many
nonlinear PDEs [2].

The importance of the study is the importance of PDEs in our practical life,
as they describe physical phenomena in various sciences [11].

The Objective of the study is transform the nonlinear Burger-Fisher equation
into nonlinear ODE with a new independent variable n and then applying the
Yh——c anexp(nn)
Y —_aq bmexp(mn)
could be freely chosen, a,, and b,, are unknown constants to be determined [3-
7]. To determine the values of p and g we balance the highest order linear term
in nonlinear ODE with the highest order nonlinear term, we obtain p = gq.
Similarly, to determine the values of ¢ and d we balance the lowest order linear
term in nonlinear ODE with the lowest order nonlinear term, we obtain ¢ = d.

ansatz u(n) = , Where ¢, d, p and g are positive integers which

The relations ¢ = d and p = q are the only that can be obtained through
applying the Exp-function ansatz for all possible cases of nonlinear ODEs [8].

2. Description of the Exp-Function method
Assume that the general form of nonlinear PDE is

P (U, Uy, Up, Useey Upp Uy o) = O, (2.1)
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Step 1. Using wave transformation
ulx,t) =u@®); n =kx + wt, (2.2)

where k and w are constants, x is independent variable and t is parameter.
Then Eq. (2.1) becomes nonlinear ODE as the following

Q(u, ku', wu’, k*u", w?u",...) = 0. (2.3)
Step 2. Assume that the solution of Eq. (2.3) has the following form
p

n=—c Qn€xp (nn)
Yo—_q bm exp (mn)
a_c exp (—cn) + -+ a, exp (pn)
= ) (2.4)
b_q exp (—=dn) + -+ bg exp (qn)
where ¢, d, p and g are positive integers which are unknown could be freely
chosen, a,, and b,, are unknown constants.

Step 3. Substituting Eq. (2.4) into Eq. (2.3).

Step 4. We determine the values of ¢ and d by balancing the linear term
of lowest order in Eq. (2.3) with the lowest order nonlinear term. Similarly,
we determine the values of p and g by balancing the linear term of highest
order in Eq. (2.3) with the highest order nonlinear term [4-7].

Step 5. We Collecting terms of the same term of each power of exp (in)
where (i = 0,+1,+2,+3,...).

Step 6. We equating the coefficients of each power of exp (in) to zero.

Step 7. We solve a set of algebraic equations for determining the
unknown constants.

Step 8. Substituting the solutions of Step 7, into Eq. (2.4) we have the exact
solution.
3. Some general formulas

On using the ansatz given by Eq. (2.4), then the following derivatives

are resulted

_trexp[—(c+d)n] + -+ a1 exp[(p + q)n]

u(n) =

W = el (—2n] + -+ Ty expl )] 1)
() = 2Pt 3] + - + 07 expl(p + 39)m] 32)
7 0> expl(—4d)n] + -+ Gexp[(4n] |
o~ Tzexp[—=(c+7d)n] + -+ a3 exp[(p + 7q)n]
W) = 03 exp[(—8d)n] + - + T3 exp[(8q)n] (3-3)
WD) = TP [-(c+ @ =Dd)n] + -+ arexp [(p + 2" = D)n] (3.4)

or exp[(—=2"d)n] + - + I exp[(2"q)7]
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where 1,., g,, 0,- and T, are all constants. And r-derivative of u(n) is called
the general formula for the derivative r-times [1].
4. The nonlinear Burger-Fisher equation

we consider the Burger—Fisher equation

U + ULy + Uy tuU—u? =0. (4.1)
Using wave transformation in Eq. (2.2), therefore Eq. (4.1) becomes

wu' + kuu' + k*u”" +u—-u?*=0, (4.2)
where the prime denotes the derivation with respect to .
Using the ansatz (2.4) for balance procedure, the linear term of lowest
order u" in Eq. (4.2) with the lowest order nonlinear term uu'. we have
—ca_c(b_g)exp [-(c +d)n] + -

u = B

14

n

!

uu =

!

(b-a)? exp[(—=2d)n] + -
ca_q(b_q)3(c+ d) exp[—(c+ 3d)n] + -+
(b-_a)* exp[(—4d)n] + - '
Let ¢; = ca_.(b_g)3(c+d), c, = (b_g)*.
Therefore Eq. (4.4), becomes
¢ exp[—(c+ 3d)n] + -
¢z exp[(—4d)n] + -
_ —cb_g(a_c)?exp[-(2c+ d)n] + -
(b-q)? exp[(—=3d)n] + - '
Let c; = —cb_q(a_o)?, c4 = (b_g)3.
Therefore Eg. (4.6) becomes

)

_cgexp[—(2c+d)n] + -

cg exp[(=3d)n] + -
Multiplying both numerator and denominator of the R.H.S of the Eq.

(4.7) by exp[(—dn)], we get

. czexp[—(2c+ 2d)n] + -
u =

cg exp[(—4d)n] + -

where ¢4, c,, c3 and c, are determined coefficients only for simplicity.
Balancing lowest order of Exp-function in Egs.(4.5) and (4.8), we have

—(c+3d) = —-(2c+2d), (4.9)
which leads to the result

2c—c=3d—-2d =c=d. (4.10)

Similarly, using the ansatz (2.4) for balance procedure, the linear term of
highest order u” in Eq. (4.2) with the highest order nonlinear term uu’. we
have

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)
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—+ (by)?exp [2)1] (+11)

() (bg)* (@ + @)exp [(p + 3q)n]
ot (bg)*exp [(4q)m] '
Let d; = p(ap)(bq)3(p +q), dy = (bq)4-
Therefore Eq. (4.12) becomes
..+ diexp [(p+ 39)1]
..+ dyexp [(4q)n]
.+ p(ay)?bgexp [2p + n]
.t (bg)3exp [(3q)n]
Let ds = p(ap)?b, , dy = (by)®.
Therefore Eq. (4.14) becomes
..+ dsexp [(2p + @)n]

..+ dsexp [(3g)n]
Multiplying both numerator and denominator of the R.H.S of the Eq.

(4.15) by exp [(gn)] , we get

(4.12)

, (4.13)

(4.14)

(4.15)

..+ dsexp [(49)n] (4.16)

where d,, d,, d; and d, are determined coefficients only for simplicity.
Balancing highest order of Exp-function in Egs. (4.13) and (4.16), we
have
p+3q=2p+2q, (4.17)
which leads to the result
2p—p=3qg—2q = p=q. (4.18)
Now we study the following cases
Case 1.
Let c=d=1 and p =q =1, s0 Eq. (2.4) reduce to
Yn=—1 anexp (nn)
Ym=—1 bmexp (mn)
_a_yexp(—n) + aog + a,exp (1)
~ b_yexp(=n) + by + biexp (1)
There are some free parameters in Eq. (4.19), for simplicity we set b; =
1, therefore Eq. (4.19) becomes as the following
_a_yexp(—n) + ao + a,exp (1)
~ b_yexp(=n) +by+exp ()
Substituting Eq. (4.20) into Eq. (4.2), and by the help of Maple, we have

u(m) =

(4.19)

(4.20)
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1
yi [E; exp(3n) + E; exp(2n) + E; exp(n) + Eq + E_; exp(—7)
+ E_; exp(—2n) + E_3 exp(—3n)]
=0. (4.21)
where
A= (b_yexp(—n) + by + exp(m))?,
E3 = _a12 + a,
Ez = _k2a1b0 + ka12b0 + k2a0 - ka0a1 + (l)albo - a12b0 - (Uao

—2aqgaq + 2a,bg + ay,

E; = k2a,by® — k2agby — 4k?a,b_; + kaga by + 2ka,2b_y + wa, by’
+ 4k%a_; — 2ka_ja, — kay? — wagby + 2wa,b_q
— 2apa;by — a;2b_1 + a;by* — 2wa_, — 2a_,a; — ag?
+ 2aq9by + 2a4b_1 +a_q,

E, = 3k%*a;b_1by + 3k?*a_,by — 6k?ayb_; + 3kaga;b_; + 3wa,b_, b,
—3ka_jay — 3wa_1by — 2a_,a;by — ag’by — 2aga,b_4
+ a0b02 + 2a,b_1by — 2a_ya¢ + 2a_1by + 2a4b_1,

E_, = k?a_,by* — k2agb_1by + 4k%a;b_,* — 4k?a_,b_, — ka_,ayby
+ 2ka_ja;b_q + kag?b_; — wa_,by* + wagb_4b,
+ 2wa;b_y* — 2ka_,% — 2wa_,;b_, — 2a_,agb,
—2a_ya;b_q + a_1by* — ag?b_, + 2agb_1by + ayb_,*
—a_4%>+2a_4b_4,

E_, = —k2a_,b_1by + k*agb_,* — ka_,2by + ka_,agb_,
— wa_,b_1by + wagh_1* — a_12by — 2a_jaob_4
+2a_yb_1by + agh_,*,

E_s=—-a_,%b_;+a_,b_,°,
Equating the coefficients of exp(in) ; (i =0,%+1,+2,+3) to be zero,
we have
E,=0, E;=0,
E; =0, E,=0,
E; —o. E__i, —o. (4.22)
E;=0.
Thus, we obtain a system of algebraic equations for a,, ay, a_1, b_1, by, @
and k. Solving the system of Eq. (4.22), simultaneously, by the help of
Maple, we have
apg=ay, , b_;=—ay®+ayby, k=§,
_g (4.23)
by = by, a,=0, a =1, w=—.
4
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where a,, by and b_; are free parameters. Let a, = —1 and by = — i

therefore b_; = —%

Substituting these results into Eq. (4.20), we obtain the following solitary
exact solution

—1+exp (%x—%t)

u(x,t)=_E [_(1 _§t)]_l+ (1 _Et). (4.24)
7 €Xp X =7 ztexp(5x—7
which is the solitary wave solution of the nonlinear Burger-Fisher
equationwhenc =d =1 and p=q =1.
Fig 1: The solitary wave solution when
- 3=,
(b-y = 4,k—2,a)— 4)
Case 2.
Let c=d=1 and p =q = 2,50 Eq. (2.4) reduce to
_ Yh-_1 apexp (nn)
u(’?) 2
m=-1 bmexp (mn)
a_j;exp(—n) +ay + a, ex + a,exp (2
_a_yexp(—n) + ao + a, exp(n) + azexp (2n) (4.25)

~ b_yexp(=n) + bo + by exp() + boexp (2n)
There are some free parameters in Eq. (4.25), for simplicity, we set b, =
1and b; = 0, therefore Eq. (4.25) becomes as the following
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a_,exp(—n) + ao + a, exp(n) + azexp (2n)
b_, exp(—n) + b, + exp(2n)
Substituting Eq. (4.26) into Eq. (4.2), and by the help of Maple, we have

u(n) = (4.26)

1
—[Eg exp(61m) + Es5 exp(5n) + E4 exp(4n) + E3 exp(3n) + E, exp(2n)

A

+ E; exp(n) + Eg + E_; exp(—n) + E_, exp(—2n) + E_3 exp(—3n)]
=0. (4.27)
where

A = (b_yexp(—n) + by + exp(2n))*,

Es=a,®>—a,,

Es = —k?a, + ka,a, + wa, + 2a,a, —a,,

E, = 4k%a,b, — 2ka,?by — 4k*ay + 2kaga, + ka,*> — 2wayb,

+ a,%by + 2wag + 2aya, + a2 — 2a,by — ay,

E; = 6k*a,by + 9k?ayb_, — 3ka,a,by — 3kay,*b_, — 9k?a_,

+ 3ka_qa, + 3kaga; — 3wayb_q + 2a,a,by + ay?b_4
+ 3wa_q + 2a_a, + 2apa, — 2a, by — 2a,b_1 —a_4,

E, = —4k2a,b,* + 4k*aoby + 13k%a;b_, — 2kaya,by — ka,%b,

— Skaja,b_; — 2wa,by® + 4ka_ja; + 2kay? + 2wayb,
— wayb_q + 2aga,by + a,2by + 2a,a,b_; — ay by’
+ 2a_ja; + ay? — 2ayby — 2a,b_4,

E; = —k2a,by* — 11k?a,b_1by — 2k2a_,by + 13k%agh_, — ka_,a,b,

— kaga,by — 4kaga,b_q — 2ka,2b_y — wayby?

— Swayb_1by + S5ka_qay + 4wa_,1by + wagbh_4

+ 2a_ja,by + 2apa,by + 2aga,b_q + ay2b_y — ayby”
—2a;b_1by + 2a_1ay — 2a_1by — 2a4b_ ,

E, = —9k%a,b_,* + 9k%a_,b_, + 3wa_,b_, + 2apa;b_, + 2a_,a,b,
—3wayb_,* — 2a,b_1by + 2a_ja,b_4 — a,b_,*
—3k%a;b_1by — 3wa;b_1by — 3ka_ja,b_,
—3kaga,b_; + a_1% —2a_,b_4 + 3ka_1% + ay?by
- aoboz,

E_, = —k%a_,by* + k%ayb_1by — 4k*a,b_,* + ka_,agb,

— 2ka_ja;b_q — kag?b_, + wa_,by* — wagb_4b,
— 2wayb_1% + 2a_jayby + 2a_,a;b_1 + ay?b_,

- a_lboz - Zaob_lbo - alb_lz )
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E_, = k*a_,;b_1by — k2agh_,* + ka_,2by — ka_,agb_, + wa_,b_,b,
— wagh_,® + a_12by + 2a_,agb_, — 2a_1b_1 by
- aob_12 ,

E_s=a_,%b_; —a_;b_*,

Equating the coefficients of exp(in) ; (i =6,5,4,...,—3) to zero, we

have
E():O, E3:O, E_1=0,
E1=O, E4_=O, E_2=0 )
E,=0, E<=0, E,=0 (4.28)
E6 = 0 .
Thus, we obtain a system of algebraic equations for
a,, a;,ay,a_1,b_q1, by, w and k. Solving the system of Eq. (4.28),
simultaneously, by the help of Maple, we get
1
a_1=b_1, a1=a1, b_lzb_l, k:_i,
, - a’—b_, 5 (4.29)
a, =—a“, a, =0, ==, w=-.
0 1 2 0 a, 4
where a_4, b_4, a4, a, and b, are free parameters.
Leta_; =3,a, = —2and b_, = 3, therefore b, = —%and a, = —4

Substituting these results into Eq. (4.26), we obtain the following solitary
exact solution

3exp (%x —%t) —4— 2exp(—%x +%t)

3exp (%x —%t) —%+ exp(—x +%t)
which is the solitary wave solution of the nonlinear Burger-Fisher equation
whenc=d =1 and p=q = 2.

u(x, t) = (4.30)

0.0’0.0.0.0
QOO
0.0’0’0
XX

%

9994904
0

Q000999

S
<
e,
<
<
<>

)

0}0‘
)
\
)

0
0

5
5
020
%
§

§

3
J
3
%
)

o
)

Fig 2: The solitary wave solution when
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11 1 5
(b0=—7,a0=—4,k=—5,w=z
Case 3.

Let c=d =2 and p = q = 2, s0 Eq. (2.4) reduce to

_ XYa=—p apexp (nn)
u(m =3 ,
m=—2 bm exp (mn)
_a_yexp(—2n) + a_, exp(—1n) + ao + a, exp(n) + a; exp(2n)
b_; exp(—2n) + b_, exp(—n) + by + by exp(n) + b, exp(2n) -
There are some free parameters in Eq. (4.31), for simplicity, we set
b_; =0, by = 0and b, = 1, therefore Eq. (4.31) becomes as the
following
_a_yexp(—2n) + a_; exp(—n) + ao + a; exp(n) + a; exp(2n)
B b_, exp(—2n) + by + exp(2n) '
Substituting Eq. (4.32) into Eq. (4.2), and by the help of Maple, we have

1
i [E¢ exp(67n) + E5 exp(5n) + E4 exp(4n) + E3 exp(3n) + E, exp(2n)

+Eyexp(n) + Eo + E_y exp(—n) + E_z exp(=2n) + E_z exp(=3n)

+ E_, exp(—41n) + E_s exp(=5n) + E_¢ exp(—67)]

=0. (4.33)

where

A= (b_zexp(=2n) + by + exp(2n))°,

Eg = ay,” —a,,

Es = —k?a; + ka,a, + wa, + 2a,a, — a,,

E, = 4k%a,b, — 2ka,?by — 4k%ay + 2kaga, + ka,* — 2wayb,
+ a,?by + 2wag + 2aya, + a2 — 2a,by — ay,

E; = 6k?a,by — 3ka,a,by — 9k%a_, + 3ka_,a, + 3kaya, + 2a,a,b,
+ 3wa_q + 2a_4a, + 2apa4 — 2a4by —a_4,

E, = —4k%a,b,’ + 4k%agby + 16k2a,b_, — 2kaga,by — ka,2b,
— 4ka,%b_, — 2wa,by* — 16k2a_, + 4ka_,a,
+ 4ka_ja, + 2kay? + 2wagby — 4wa,b_, + 2aqa,b,
+ a,2by + a,2b_, — ayby* + dwa_, + 2a_,a, + 2a_1a,
+ ayg? — 2agby — 2a,b_, —a_,,

E; = —k2a,by* — 2k2a_,by + 22k2a,b_, — ka_,a,by — kaga, by
—7kaya,b_; — a)albo2 + 5ka_,a, + 5ka_;q,
+ 4wa_,1by — 2wa b_, + 2a_qa,by + 2aya4 by
+ 2a,a,b_, — a1b02 + 2a_,a; + 2a_,ay — 2a_1by
—2a,b_,,

(4.31)

(4.32)
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E, = 6wa_,by + 2a_,a,by — 2a,b_,by — 12k?a_,by + 24k?ayb_,
+ 2a_ja.by + 6ka_,ay, — 3ka,;?b_, + 2aya,b_,

+ 2a_,ay + 3ka_1% — 2agb_, — 2a_,by + a;%b_,
— 6kagayb_, — 12k*a,b_,by — 6wa,b_,by + a_,*
+ ay2by — aghy®,

E_, = —k%a_,by* — 2k%a,;b_,b, + 22k?a_1b_, + ka_,a, b,

+ ka_,aoby — 5ka_ja,b_, — Skaga;b_, + wa_,by”
—4wab_,by + 7ka_sa_; + 2wa_1b_, + 2a_a, b,
+ 2a_jaq9by + 2a_qa,b_, — a_1b02 + 2aqya4b_,
—2a;b_by + 2a_,a_1 — 2a_1b_,,

E_, = —4k?a_,by* + 4k2ayb_,by — 16k2a,b_,* + 16k2a_,b_,

+ 2ka_,aoby — 4ka_,ab_, + ka_,%?by — 4ka_,a,;b_,
— 2kay®b_y + 2wa_,by* — 2wagh_,by — 4wayb_,*
+4ka_,% + 4wa_,b_, + 2a_,ayby + 2a_,a,b_,

— a_,by* + a_12by + 2a_ya;b_, + ag?b_, — 2ab_, b,
—a,b_,* +a_,%2—2a_,b_,,

E_s = 6k2a_,;b_,by — 9k2a,b_,* + 3ka_,a_,by — 3ka_,a.b_,
—3ka_japb_; — 3a)a1b_22 + 2a_,a_1by + 2a_1a4b_,
—2a_1b_yby — a;b_,*,

E_, = 4k*a_,b_,b, — 4k%agb_,* + 2ka_,%by, — 2ka_,azb_,
—ka_12b_, + 2wa_,b_,by — 2wagh_,* + a_,2b,
+2a_,a0b_y — 2a_,b_yby + a_,2b_y, — agh_,*,

E_s = —k2a_,b_,* —ka_,a_;b_, — wa_1b_,> + 2a_,a_1b_,

- a_lb_zz ,

E_¢=a_,%b_, —a_,b_,”,

Equating the coefficients of exp(in) ;(i =6,5,4,3, ..., —6) to zero, we

have

Ec=0, E;=0, E;,=0, E;=0,
Es=0, E,=0, E =0, E =0,

E,=0, E, =0, E,=0, E =0, (4.34)
E¢=0

Thus, we obtain a system of algebraic equations for

a_,,a_q,0aq,a4,a5,b_5, by, w and k. Solving the system of Eq. (4.34),

simultaneously, by the help of Maple, we get

5 1

a, =1, a)=—§, ap,=a, by=bhby, k=Z' (4.35)
b_, = —ay? + agby, a,=a_, =0, a_, =0,
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where a,, by and b_, are free parameters. Let a, = 1 and b, = —%

5

therefore, b_, = — "

Substituting these results into Eq. (4.32), we obtain the following solitary
exact solution

1+exp(%x—%t)

5 1 5 1 1 5.\
—gexp |~ (zx—3t)| - g+ e (32 - 31)
which is the solitary wave solution of the nonlinear Burger-Fisher
equationwhenc=d =2 and p =q = 2.

(4.36)

u(x,t) =
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Fig 3: The solitary wave solution when
5

__5,_1 __5
(b, = 4,k—4,a)— 8)

Conclusion
The Exp-function method was successfully to facilitate the process of

solving the nonlinear Burger-Fisher equation. Also this method was a
straightforward and concise and effective [2], [3], [5].

All final solutions depend on the choice of values c,d,p and g, these
values can be freely chosen, but for simplicity, we choose small values [5].

The obtained solutions show that the Exp-function method is promising
and powerful mathematical tool for solving various kinds of nonlinear wave
equations which arise in mathematical physics, engineering sciences and
applied mathematics [8], [13].

The Exp-function method can be generalized for obtaining traveling
wave solutions such as solitary solutions, period solutions and compact-
like solutions [10], [12].
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