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ABSTRACT

Abstract: The present article focuses on investigating new generalized Starlike and Convex
functions of order o that involve the generalized derivative operator .The study aims to
analyze various properties of these classes, such as their coefficient inequalities and deduces
several intriguing corollaries
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Introduction

Let A denote the class of all analytic functions in the open unit disc = {z: |z| < 1}, and
satisfy the normalization condition f(0) = 0,f'(0) = 1, it has a Taylor series

representation
f(z)=z+>az"
k=2

Furthermore, we denote by S the subclass of A consisting of functions of the form above ,
which are univalent in U.

Starlike functions and convex functions are both classes of analytic functions that have a
wide range of applications in complex analysis. These classes of functions are often of
interest to many authors and researchers in the field see [2, 15 ].
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In this paper, we aim to explore and identify certain properties that can be obtained by using
generalization starlike and convex functions of order a.
A function f is said to be starlike of order o in the open unit disc U if it is analytic in U

( )

A function fis said to be convex of order a in the open unit disc U, if it is analytic in U
and satisfies the condition
zf" (z)
f'(z)

Re<1+ >>a, 0<a<l.
Now , In [8] the authors introduce the generalized derivative operator I™(A,,2,,1,n)f(z) as
the following:

Definition 1.1 If f €A, the generalized derivative operator is defined by

M\, AL n): A — A
™A, 22,1, mf(z) = ¢™(Ay, A5, D (2) * R (z) ,(z € U)

2 A+ A4k -1)+L)"

— c(n,k)az*,
o (L+L)"(1+ A4, (k =1)"

1™ (A4,4,L.n)f (z)=z +

Wherem € N, = {0,1,2,....} andA, =2, = 0,1 > 0, and R"f(z)
denotes the Ruscheweyh derivative operator [3] -
Specical cases of this operator includes :
=  The Ruscheweyh derivative operator [3] in the cases:
I*(A,0,1,n) =1*(A4,0,0,n) =1*(0,0,1,n) =1°(0,2,,0,n) =1°(0,0,0,n)

= [™*1(0,0,1,n) = I™*1(0,0,0,n) = R®

» The Salagean derivative operator [4]:

,Im*1(1,0,0,0) = S"

= The generalized Ruscheweyh derivative operator [5]:
J12(24,0,0,n) =R}
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= The generalized Salagean derivative operator introduced by Al-Oboudi [11]:
[m+1(3,,0,0,0) = SE ,

= The generalized Al-Shagsi and Darus derivative operator [12]:
I™*1(4,,0,0,n) =Ry, ,

= The Al-Abbadi and Darus generalized derivative operator [13] :
™A, 22,0,n) = 3%

And finally

= The Catas derivative operator [14]:

JM(A4,0,L,n) = 1M, B, 1D

We introduce new definitions of generalized Starlike and Convex functions of order o
functions containing generalized derivative operator (2) as the following:
Definition 1.2 A function f belonging to A is said to be in the class

S (A4, 4,,L,n,a) inU if it satisfies

9f{{z(lm(ﬂl,ﬂa,L,n)f(z»'}m (2cU),
1" (A2, L) F(2)

for some a¢(0<a<1).

Definition 1.3 A function f belonging to A is said to be in the class

C(,4,L,n,a) inU if it satisfies

9q{(z(l"‘ul,ﬂ»z,L,n)f(z»')'ﬂ}w (zeU),
(1" (44, L) £ (2))'

forsome a¢(0<a <1).

We note that

f(z)eC (4, A4, L,n,a)=zf '(2)eS (A4, 4,L,n, ). (3)
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Now, for some «(0 <« <1), we know that
"G AL @) 1] 1 [z AL @)
z(1™" (4,4, L,n)f (2)) 2a| 2« 1™ (4, 4,,L,n)f ()

Then, it is easy to show that

1" (A L) (2) 1

z(1" (4, A, Lm)f (2)) 22

<L©m{iz(lm(ﬂi,m,n)f (z»'}ﬂ,
2| a 1"(4,4,L.n)f(2)

for some « such that |a—%|< %

2 Coefficient inequalities
We consider our coefficient inequalities for f €S _(4,,4,,L,n) and

f eC_(4,4,L,n).

Theorem 2.1 If a function f € A satisfies the following inequality

&2 A+ A4k =1)+L)"* ~
2@ i@ Ay R
A+ A4k -1 +L)"*
L+ )" (1 Ak —1)"

c(n,k))|a, [<1-]1-2a|,

for some complex number « such that |a—%|< % then f €S, (4,4,,L,n).

Proof: We know that

1"yl lm)f @) 1]
(1" (A L0 @) 24

Lgﬁ{gz(l " (g, L) (z))'}ﬂ,
2| a| a 1", A4, Lnf (2)

for some complex number « such that |a—%|< % Since

1" L) (2) 1
2(1I" (4, LY @) 2
°°| L+ A4k =1)+L)"*
@ @ Ay

& QrAkDs0)
2 @yt -y (I

|2 —1|+

k

c(n,k)a-k)lla llz [

<
2al
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2a-1j4y | (GEAECDELE
< 1 S (1+L)" 1+ A4, (k —1))
2| N A+ Ak —1)+L)"*

1 kz:zk (1+L)m_l(1+ﬂ?(k _1))m C(nnk)lak |
if f satisfies the following equality
| 20 1| +i 1+ A (k-1)+L)™*

&)+ D™ 1+ Ak -1)"
Sy LAk -1 +L)"

c(n,k)(2a-k)lla |

c(n,k)(2a —k)

[l

LT @Ak O
that is,

= @+ A4 (k=-1)+L)™! ~

Z[ (@D Ak O k)‘

1+ A4 (k-1)+L)™*
(1+L)" 1+ A, (k=1)"
we obtain that

1" (A Ao L) (2) 1
z(1™(4,4,L,n)f (2)) 2«
The proof is complete.

Making a € R in Theorem 2.1,we obtain the next corollary.
Corollary 2.1 If a function f € A satisfies the following inequality

C(n, k)J | a'k |S 1—|1—20( |l

1
<—— (z el
2la] (z eV)

o if (O<a<d)
c(n k) la, I< L
l-a if (E<a<l),

S A+ Ak -1)+L)"*
é“ “Xa+uwmﬁ@w-nw

for some real a(0<a <1),then f €S™(4,4,,L,n,a).
Corollary 2.2 Ifafunction f €A and 4, =0,m =1 ,then

o if @<a£§,

Dk —a)la, < 1
k=2 l1-« if (E<a<l),

for some real a(0 < a <1),then f €S (), see [6].
Theorem 2.2 If a function f e A satisfies the following inequality

< A+ A4k =1)+L)"* ~
2 gz O]
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A+ A4k =) +L)"*
1+ L)m’l(l+/12(k )"

c(n,k))|a |<1-|1-2«|,

for some complex number o such that |a—%|< % then f €C_(A4,4,,L,n).

Proof: Since, f €C_(4,4,,L,n) ifandonly if zf '(z) eS_(4,4,,L,n), and we may
replace a, with na, in Theorem 2.1 .
Corollary 2.3 Ifafunction f €A and 4, =0,m =1,then

Sk (12a—k | +k) |3, [<1-|1-2a],
k=2

for some complex number o such that |a—%|< % then f €C_ ,see [6].

These references [1,7,9] contain additional research and studies on analytic functions

connected to the derivative operator and integral operator. It is advisable to consult these

sources for further information and insights.

Conclusion

We have examined this operator mentioned within the classes of analytic functions,

specifically focusing on its applications in geometric function theory.

The suggested operator can be employed in order to establish additional categories of

analytic functions, or to extend the applicability of other types of differential operators.
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