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ABSTRACT

This work presents a novel investigation a generalized derivative operator which is a
multivalent function by using Hadamard product in the field of geometric function theory.
Also, we explain the use of the convexity and the starlikness properties of a given
function to consequences of superordination and differential subordination with a specific
focus on sandwich theorems.
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Introduction
In the past, people have used complex numbers to solve real cubic equations, which
has facilitated the development of a fascinating theory known as the theory of functions
of a complex variable (complex analysis). This field has a historical origin dating back to
the 17th century. Noteworthy figures in the field include Riemann, Gauss, Euler, Cauchy,
Mittag-Leffler, and several more scientists. Riemann introduced the Riemann mapping
theorem in 1851 during the 19th century, giving rise to geometric function theory (GFT),
a notable and captivating theoretical framework [11]. It has seen significant development
and has been applied in several scientific domains, including operator theory, differential
inequality theory, and other related topics. To enhance the Riemann mapping theorem,
Koebe [11] utilized a univalent function defined on an open unit disk in 1907.
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In 1909, Lindeof introduced the subordinate idea. The Schwarz function is employed
to examine two complex functions. Diverse subordination theory on a complex domain may
be understood as an extension of differential inequality theory on a real domain.

Miller and Mocanu have investigated the theory of first and second order differential
subordination. Recently Miller and Mocanu investigated the dual concept of differential
superordination to obtain several sandwich results, see [21,20,13].

The application of the subordination technique is employed in relation to pertinent
categories of permissible functions. According to Antonino and Miller [7], the acceptable
functions are defined as follows:

Let A denote the class of functions f(z) of the form :

f(2 =Z+Zakzk (zeU),
k=2
Which are analytic in the open unit disk U = {z: |z| < 1;z € C} where a,is a complex
number .

We denote by S the subclass of A consisting of univalent functions in U and by C the
familiar subclass of § whose members are convex functions.

If f(z2)=z+Y5,az" and g(z) =z + Yo, byz"; (z € U), then the Hadamard
product of two analytic functions fand g denoted by f * g is defined by

(Fe D@D =@ 9@ =2+ ) ahs* , (zeU)
k=2

And by using this product, the authors in [4] have recently introduced a new generalized
derivative operator given by:
Definition 1.

The shifted factorial (c); can be defined as:
@r=clc+1)....(c+k—-1) if ke N={1,23,..},c € C—{0}.
and
=1 ifk=0.
Definition 2:

The (c); can be expressed in terms of the Gamma function as :
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r k
<c>k=(§(—+c)) (e,

In order to derive the generalized derivative operator [4], we define the analytic function

m . . (1444 (k—1)+D)™m 1 k
¢) (/11; /12; l) (Z) =z+ Zk=2 (1+l)m‘1(1+/12(k—1))m z, (l)

Where m € Ny = {0,1,2,....} and A, ,4,,l € Rsuchthat 1, >1,>0,0>0.
Now , In [11] the authors introduce the generalized derivative operator I™ (A4, 4,,,n)f(2)
As the following :
Definition 3.
For f € A the operator I"™ (A4, A5, [, n) is defined by I™(A4,4,,[,n):A — A
I"(A1, 22, Ln)f(2) = ¢™ (44,42, 1)(2) * R"f(2) ,(z €D) )

Where m € Ny ={0,1,2,....} and A, > 1; = 0,1 = 0,and R"f(z) denotes the
Ruscheweyh derivative operator [3] ,and given by

R f(z) =z+ z c(n, k)agz*,(n € Ny, z € D),
k=2

Where
_T(c+k)
(O = T
If £ is given by (1) , then we easily find from the equality (3) that

A+4k-1D)+Dm 1

k) 2%,
1+ Dm1(1+ A,k — )" e(n k)ayz

ImA, A, Ln)f(z2) =z +

Where n,m €Ny ={0,1,2,....}, 4, 24, 20,120, (c)x = l"(Fc(i)k) '

Special cases of this operator includes:

e The Ruscheweyh derivative operator [15] in the cases :
1*(1,,0,1,n) =1(14,0,0,n) = 1'(0,0,1,n) =1°(0,1,,0,n) =1°(0,0,0,n)
= I™*1(0,0,,n) = I™*1(0,0,0,n) = R™
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e The Salagean derivative operator [16] :
I™+1(1,0,0,0) = D™,
e The generalized Ruscheweyh derivative operator[15] :

12(1,,0,0,n) = R}

e The generalized Salagean derivative operator introduced by [2] :
I™*1(24,0,0,0) = Dg.
e The generalized Al-Shagsi and Darus derivative operator [17] :

I™*1(1,,0,0,n) = D}'g .

e The Al-Abbadi and Darus generalized derivative operator [3] :
I™(4,2,,0,n) = /,t’;ﬂz .
e And finally the catas derivative operator [8] :

I™(24,0,,n) =1™(44,8, D).
Using simple computation one obtains the next result

€+ DIMH (A, 2, 6,0)f (2) = (L+ £ — A [ (A, 451, n) * 9 (41, 242, D)(D]f (2) +
Alz[lm(/llﬂ/lz‘g' Tl) * ‘Pl(/lp/lz ,1?) (Z)] , (*)

where (z € U) and ¢*(1,,1,,£)(2) analytic function given by

= 1
' (1,22, D(2) = 2+ Z (1+ 2,(k — 1) 2" .
k=2

Now, we assume that the function f and g are analytic in U ,then we say f is subordinate
to g or g is said to be superordinate to f in U ,writtenas f < g or f(z) < g(z) ifthere
is a Schwarz function v(z) analytic in U ,with |[v(2)| < 1, Sothat f(z) = g(v(2)); z €
U.

In particular, If the function g is univalent in U then the subordination f < g is equivalent
to f(0) =g(0) and f(U) =g(U).

Definition 4:
Let C3 x U -» C and let h () is univalent in U. If f(z) is analytic function in U and
satisfies the second-order differential subordination:

Y (p(2), 2p'(3), 2% p"(3); 3) < h(3), ©)
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Then p(z) is said to be a solution of the differential subordination (3). The solutions of
equation (3) of differential subordination have dominant univalent function q(z) or more
simply a dominant, if p(z) < q(z) to all p(z) satisfying (3).

A dominant function § (z) that satisfies § (z) < q(z) for all dominant g(z) of (3) is called the
best dominant of (3).

Definition 5:

Let y: C3 x U -» C and let h(z) be analytic function in U. If ((z), zp'(2), 32 p"(3); z) and
p(z) are univalent functions in U and p(z) satisfies the second-order differential
superordination :

h (z) < Y(p(3), 2p'(3), 2°p"(2); 3),  (4)

then p(z) is said to be a solution of the differential superordination (4). The analytic function
q(z) is said to be a subordinant of the solutions of equation (4) of the differential
superordination, or more simply a subordinate, if q(z) < p(z) for all p(z) satisfying (4).

If q(z) <§ () for all subordinates q(z) of ( 4) which is satisfied by univalent subordinate g
(%), then q(z) is said to be the best subordinate . Ali et al. [18,19] get sufficient consideration
for normalize analytic functions to hold.
zf'(2)
q:(z) < 10 <qz(2)
such that q,(z) and g, (z) represent univalent normalized functions in U that take the form of
univalent function with

q:(0) =q,(0) =1

The major objective of present implementing is to discover enough conditions to a certain
normalize analytic functions f to give:

z(I™(14, 22,8, 0)f (2))'
WO TR Lo
such that g, (z) and g, (z)in U are called univalent functions with

q1(0) = g2(0) = 1.
2. Preliminaries:
Definition 6 : [7]
Let Q be the set to all functions f that are analytic and injective on U\E (f), such that
U=UuU(zedl),andE(f) ={C € 0U: Jim f(z) = oo}, (5)

and f'({) # 0 for { € AU\E(f). The subclass of Q for which f(0) = a is denoted by
Q(a), where Q(1) = Q, and Q(0) = Qo .
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Lemma (1): [21]:

Assume 8 and ¢ are analytic function in a domain D involving q(u) with ¢(w) # 0 such
that w € q(u). Take h(z) = H(q(z)) +Y(z) and Y(z) = Zq’(z)<p(q(z)).

Furthermore, we assume that

(1) ¥(z) be univalent starlike function in U,

zh!(2)
Y(2)

forze[U.(Z)Re{ }>0

If p(z) is analytic in U with p(u) € D,p(0) = q(0)and
6) 6(p(2) + 20" (@D 9(q(2)) < 6(q(2)) + zp' (29 (q(2)).
Then g to be the best dominant and p < gq.

Lemma (2): [7] Assume that

24 @

q’(z)} > max{O, —Re (%)}

be univalent convex function in U and suppose « € C, S € {% such thatand let q(z)

Re{l +

(Nap(z) + Bzp'(z) < aq(z) + Bzq'(2),
Then p(z) < q(z)and q(z)will be the best subordinanat.
Lemma (3): [13]

Assume q(z) is univalent convex function in U and q(0) = 1. Suppose that 8 € C such
that Re () > 0. If p(z2) + Bzp'(z) in U is univalent and p(z) € H[q(0),1] n
Q,satisfies q(z) + Bzq'(z) < p(z) + Bzp'(z),then q(z) < p(z) and

q(2)is the best subordinant.

3. Subordination Results:
Theorem (1)

Assume q(z) is univalent convex function in U with q(z) # 0,and q(0) = 1. If q(2)
satisfies:

Re{l + % > max {O, Re (%)},for allz € U, (8)

where 9 € C* = C — {0}. We also assume
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— _ i Im(AI'AZrlrn)f(Z) E Im(/ll;/lz'l;n)f(z)
Y(z) = (1-3) (FietnfE) 4 2 k) s 0. (9)

If q(z) satisfies the subordination
Y(2) < q(2) +92q'(2), (10)
Then

(2RI < q(2), (11)

Z

and q(z) will be the best dominant of equation (10).
Proof:

Let

).z € U. (12)p(2) = (Im(/h./'lz.l.n)f(z)

Z

By taking the differentiation of (12) logarithmically with respect to z, then we obtain

(132 _ 20" Ga 2k @)

Tp@) T M2l f(2) L

Now, we use the identity (*) in (13), then we get

Zp,(Z) _ l(lm(AIIAZ' l' Tl)f(Z) _ 1)
p(Z) B o Im(/11'/12'l' Tl)f(Z) .

Therefore, we apply Lemma (2) withe =1 and 8 =9,

implies that q(z) is best dominant and p(z) < q(z).so that the subordination (10)
In this step, weset -1 < B <A< 1,and q(z) = i—gj, in previous theorem.

The condition (8) becomes

1-Bz
1+B

}> max {O, —Re (%)},z € U. (14)Re{—

The function ¢(0) = g, |0| < |B] is a convex function in U and because of cp(5) = ¢(0)

forall |d| < |B|, there for the image ¢ (U) will be a convex domain symmetrically
according to real axis, as a result,

1-Bz 1-|B|

inf{Re1+BZ):ze[[J}: >0

1+|B| )

The inequality (14) is equivalent to
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|B|-1
1+|B| "

Re{ }>—
Therefore, we get the result corollary.

Corollary (1)

1-

and—1<B<A<1
1|B|

Assume that max {0, —Re (%)} <

then

|fl/)(Z)<1 Az A-B

1+Bz (1+Bz)?'

) < 1+Az (Im(/ll./lz.l.n)f(Z)
1+Bz’ z

and the term of i:—;‘j will be the best dominant.

Corollary (2):

Suppose that
R(1)>0' ()<1+Z+19 2z
“\a) = vz 1- 1+ 2)%
1™ (A1,42,L,0)f(2) 1+z . .
Then Re (+)> 0, and the term of - will be the best dominant.

Now, for q(z) = e4?,|A| < m.
The next corollary is obtained by theorem (3.1).

Corollary (3):

Assume Re(1 + Az) > max {0, —Re (%)} |A| < m,such that 9 € C*',y(z) <

(1+9zA)e*, then Re(— 222"/ ¢4z and e4# will be the best dominant.

Theorem (2):

Let g(z) be univalent function in U, such that q(z) # Oand q(0) =1 for z€ U and
2q'(2)

suppose that g(z) satisfies the term of Re ( o)

) > 0, which is univalent and starlike
function in U.
Now, let y;,v,,a,0 € C*,withy, +y, # 0,

(15\]/1 IM(A1,42,L0) f(2)+y2I™ (11,42, L) f (2)
/ (r1+v2)z

#0,zeU.

And
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Y1Z(1m(ﬂ1;12,l,n)f(z)),+sz(lm(l1ﬂz'l,n)f(2))’
Y1 IM(A1,A2,1n) f(2)+y2 I™(A4,42,L0) f(2)

[1+a8( - 1) <149%@ (16)

q(2)
Then q(z) will be the best dominant of equation (16) , and
Y1 ™A A2, L) f (2D +Y, a1, 1m0 () < o
< :
(Y1+v2)? ) q (Z)

Proof: Suppose that

Yirm @Ay 22bmf@+Yy ma, 20 1m0 £
(r1t+v2)?

17)p(2) = ( )%,z € U.
According to (15), we have p(z) is analytic function in U.

By taking the differentiation of (17) logarithmically according to z, we obtain

'@ _ (12" 020 L) () +yaz(I" (o A L) @)
p(Z) YIIm(Ali /121 lr Tl)f(Z) + yzlm(/llrlb l' n)f(z) '

To prove our result , we use lemma (2).

Now, consider (w) = % and 6(w) = 1,we note that w € C*, and 6 is analytic function in C

We also suppose h(z) = 6(q(2)) + ¢(z) =1+ 0 Zgég) and

s that the function 1(z) is starlike in U, and ¥ (z) = zq'(2)¢(q(2)) = 8 L&

a2’
Re <Zh’(z)> = Re(1+ 24°(2) Zq’(z)) > 0.

Y(2) @ 4@
Therefore, the subordination (16) implies that g(z) is the best dominant and p(z) < q(2).

1+Az

The next result can be obtained by setting —1 < B <A < 1,q(2) = P

0 and d =1 intheorem (3).

V2 =

Corollary (4):

#0,z€eU,a€eC.

Supposethat -1 < B <A< 1land (W)

Z(Im(/h,/lz,l,n)f(Z))' _ (A-B)z Az+1, . .
If [1+a ( ENETE) 1) <1+ T ADG B0 (1—32)]' then (—BZ+1) will be best dominant and

(Im(/11,/12,l,n)f(z))a < Az+1
4 Bz+1'

Theorem (3):

329
Volume 3 - Issue two- 2024


file:///C:/Users/DELL/Downloads/www.sebhau.edu.ly/journal/index.php/jopas

FEZZAN UNIVERSITY SCIENTIFIC JOURNAL VOL.3 N0.22024

@\ Aealall 558 Anels Al

—\'\’Q

\_ Fus) /. Fezzan University scientific Journal
N
gy s

Journal homepage: wwwhttps://fezzanu.edu.ly/

Suppose that the univalent function g(z) in U with q(z)# 0,q(0) = 1,vz € U,a,0 €
C*,y1Y2, @, T € C,withy; +y, # 0 and (15) is satisfied.

zq"(z) @
Let Re(l + m) > max {O, —Re (5)}, and

Y11m(/11) /12! l' Tl)f(Z) + )/ZIm(/lli /12' lr n)f(z)
)“ X
(r1+7v2)z

z(I™ (e, Ao, L (@) + ya2(I™ (A, A2 L) f (@) 1)] +1

0(2) = (

(18)

[<p * aa(( )/1Im(/11; /12: l, n)f(Z) + Vzlm(ﬂpﬂz' l' n)f(z)

If q(z) holds the subordination

(19)0(2) < @q(z) + 0zq'(z) + 1,

Y1I™ (A1,A2,L0) f(2)+Y21™(A1,A2,L,0) f(2)
(r1+v2)z

then ( )* < q(2), (20)

and q(z) will be the best dominant of equation (19).

Proof: Assume

I A2, L) f(2)+12 0 (A, A2, L) f(2)\ o
Ve = ( v )

then the function &(z) be analytic in U and q(0)=1, hence by taking the differentiation of
equation. (21) logarithmically with respect to z, and by taking the (*) in a recent equation,

Y™ (A4, A2, L) f(2) + 1™ (A4, 43,1, n)f(z))a “
(y1 +7v2)z , ? ,
V12(I™ (A1, A2, L) f(2)) + v2z(I™ (A4, A2, L0 f(2)) B
+aa(< yllm(/ll,ﬂz,l,n)f(z) +’}/21m(11’12' l,n)f(Z) 1)] + 1.

0(2) = (

Thus the subordination (20) is against to
Ep(2) + 028 (z) + 1 < pq(z) + 0zq'(z) + 7.
Now, if we apply of lemma (2) with g = % and a = 1, then we have (20).

1+Az

,in
1+Bz

We also get the next corollary, if we substitute —1 < B <A < 1,q(z) =
theorem (2) and theorem (3).

Corollary (5):

1-Az 4
Let—1<B <A<1,0,¢ € C\{0},Re > max {0' —Re (5)}
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if f € A will satisfy the condition of subordination:

will be the best dominant®(z) < 1+Az 94-B)z \\here ()

1+Az
I 2 )
+Bz ¢ (1+Bz)

1+Bz

defined by (18), then

(}/11m(11)12; l; n)f(Z) + Vzlm(lll/lb lr n)f(Z) @ < 1+ Az
(y1 +v2)z 1+ Bz

Corollary (6):
by setting B = —1,and A = 1 in corollary (5), suppose that

1—2z
1+2z

> max {O, —Re (f)} , 0,0 €\ {0},

R
¢ E)

1+z a 2z

If f(z) satisfies the following subordination condition [@(z) < -t Em]’ such that

O(z)is obtain by (17), then g will be best dominant and

(V11m(/11,/12; l) n)f(Z) + yzlm(ll' AZ’ l’ n)f(Z))a < 1 +z
(y1+7v2)z 1+27

4. Superordination Results:
Theorem (4):

Let q(z) be a convex and univalent function in the unit disk U, with

0+ (

1M(A1,A2,L,n)f (2)
eI @) ¢ a1(0),1] 0 Q

and q(z) # 0,q(0) = 1forall z € Uwith Re (d) > 0.

Then the univalent function ¥ (z) = (1 — g) (M) +2 (M)

z X z

in U will be the best subordination of the following equation

(22),q(2) + 924" (2) < P(2)

and

Im(ll' AZ' l' n)f(z)>

VA

q(z) < <
Proof:

IO‘”‘%”“dz € U be analytic in U.

According to our assumptions, we let p(z) = (
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By taking the differentiation logarithmically with respect to z , so that one obtains
zp'(2) _ z(I™(Aq, A5, L) f(2))' _
p(Z) Im(/11'/12' l' Tl)f(Z)

By some calculations, we obtain y(z) = p(2) + 9zp'(z), where Y (z) is known in (9), and
from lemma (3), we get the required result.

1.

Theorem (5):

Assume ¢ (z) be a convex function in U, with q(z) # 0,q(0) = 1forallz € U,a,0 €
C*, A1,y2,¢,7 € C,with Re (%) >0,and y; +y, # 0.

Let

a
0% <y11m(/11,/12, L, n)f(g/zl)—:-;/zz)lzm(/ll,/lz, L, n)f(z)) € Alg(0).1] N Q.
If the univalent q(z) in U and the known function ®(z) in (3.11) satisfy

@ (23)q(2) + 029" (2) + T < O(=2),
then g(z) will be the best subordinate and

yllm(/llﬂ /12' l' n)f(z) + )/zlm(/ll' /12' l' n)f(z)>a
(r1+v2)z -

q(z) <<

Proof:

Suppose that

I A2, L) f(2)+120 ™ (A, A2, L) f(2)\ o
4E(2) = ( v )"

By taking the differentiation of the (24) with respect to logarithmically of z, we obtain

(25)25’(2) —a (V1Z(1m(11;/12,l,n)f(z)),+V22(1m(3—1’12’1,n)f(2))’)
£(2) Y1I™(A1,A2,Ln) f(2)+y21™(A1,42,L,0) f(2) '

A simple computation and using (25), we have

Vil (A1, A2, L) F(2) 4y ™ (A, A2, L) f(2)\ &
X
( (r1+v2)z ) [QD +

aa (VlZ(I (ll,lz,l,n)f(Z)) +VZZ(I (/11./12,1,7l)f(2)) ) _ 1)] + = (p E(Z) + aZE,(Z) + T.

Y11m (Al,ﬂ.z,l,n)f(z)+y21m(11,ﬂ,2,l,n)f(z)

For lemma (2.4), we have the required result.
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The next corollary can be get by setting —1 < B <A< 1,q(2) = 1:—22, in theorem (23).

Corollary (7):

Y1I™ (A1,22,L0) f(2)+y2 1™ (A1,A2,1n) f (2)
r1t+v2)z

Assume that (
1 and Re(%) > 0.

¥ € A[q(0),1]NQ—-1<B<A<

If f(z) € A holds and under superordination condition with ®(z) is univalent function
defined by (19)

1+Az 0 (A-B)z
"1+Bz = ¢ (1+Bz)?

0(z)

then 1+Az < (yllm(ll,lz,l,n)f(z)‘l‘)’zIm(h,ﬂz»l»n)f(z))oc
1+Bz (r1+v2)z
and 222 will be the best subordinant.

1+Bz

5. Sandwich Result:

It is important to point out that we can obtain the following final two results, sandwich
theorems, by applying the starlike properties in theorem (2) and combining theorem (3) and
theorem (4) to consequences of superordination and differential subordination.

Theorem (6):

Assume g, (z) and q,(z) are univalent and convex in U with 1 = g;(0) # q,(0) where
q1(z) and q,(z) are not equal to zero, d € C*, for all z € Uand 0 + (M) €
A[1,1] n Q.

Suppose that 1 (z) be univalent function in U, where 1y (z) is given by (3.2) satisfies g, (z) +
14 li m /’lllAZr ’ Z

0zq' [ (z) < YP(2) < q,(2) + 0zq",(2), then q,(2) < (%) <

q2(z),and q,(2), q,(z) are to be the best dominant and best subordinant, respectively.

In order to get the next theorem we have to join the result in theorem (3) and theorem (4).
Theorem (7):

Assume q,(z)and q,(z) are univalent and convex in U with 1 = ¢,(0) = q,(0) where
(yllm(ll,lz,l,n)f(z)+y21m(/11,/12,l,n)f(z))a #__ 0
(y1+v2)z '

And q,(2),q,(z) are not equal to zero, d € C* forall z € U and let ®(z) be univalent
function in U that satisfies
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©0q1(2) +02q' [(2) + T < O(2) < 9q,(2) + 02q",(2),

Then q,(z), q,(2) are to be the best dominant and best subordinant, respectively and

yllm(llllb l: Tl)f(Z) + )/ZIm(All/’lZ' l,n)f(z) “ < ( )
(r1 +v2)z 232

q1(2) < (

These references [1,9,5,6,14,10,12] contain additional research and studies on analytic
functions connected to the derivative operator and integral operator. It is advisable to consult
these sources for further information and insights.

Conclusion

In this study, we aimed to present original findings about a generalized derivative operator

for a certain category of analytic functions on the open unit disk. Our approach involved the
utilization of differential subordination and superordination. The derivation of the theorems
and corollaries involved an analysis of relevant lemmas pertaining to differential
subordination. The paper revealed unique findings on differential subordination and
superordination through the utilization of sandwich theorems.

Also, with the aid of g-calculus, we investigate the concept outlined in this article can
be employed to easily study a large range of analytic and univalent functions linked to
several theorem. This may open numerous new lines of inquiry into the geometric function
theory of complex analysis and appropriate areas.
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