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Analysis For the General Term of a Cauchy Product of Two Series
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ABSTRACT

This paper contains an advanced analytical proof that the zero-truncation error is
in the general term of the Cauchy product of two series of the truncation error for
some restrictive approximations for IBVP for parabolic and hyperbolic equations. In
this paper, it had been proved that the general term of the power series of space and

time lengths in the differential form of the truncation error is exactly zero.
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Introduction

Very recent two papers [1] and [?] discussed the convergence of the restrictive Pade'
and Restrictive Taylor methods for solution of IBVP for parabolic and hyperbolic
types, these papers consider only the first few terms of the local truncation error
series.
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In numerical analysis and scientific computing, truncation error is an error caused by
approximating a mathematical process. A truncation error is the difference between an
actual and a truncated, or cut-off, value. A truncated quantity is represented by a
numeral with a fixed number of allowed digits, with any excess digits chopped off --
hence, the expression truncated.
1. Local Truncation Error (LTE) for the Classical Method for Parabolic Type:
Consider the equation:

Ut = Uxx ; U(X, 0) = f(x), u(0, t) =u(1,t) =0 (1)
The Crank-Nicolson finite dlfference is:

1
E(uijﬂ—uij) >z [( — 20+, ) + (U, —2u, +U.+1),+1]
Its LTE finite difference form is:

Tij/CN = %(uihl —Uj )_2_::]-2[( 2u + qu)

Using Taylor expansion, with ascending powers of h and K the LTE tinite difterence
form becomes:

1 k2 3 4 5 6 7
T‘j/CN =— {U +kU +— U2+—U2+—U2+—U2+—U2+—U2+...—U--j|
I k 21t 31t 41t 5l t 6l t 71t ij

1 { h®  h* h*  h° K b’
——<u; —hu, + 5 —Uu,——Uu,+—U,——U,+—U

2h’ R T T T TR TR

2 3 h4 h5 h6 h7
U thu, + U, + U +—U , +—Us+—U;+—-U,+..
-2Ujj 2! 3! 41 5! 6! 7!

sy +ku, —hu, +=[K?u, - 2hku, + K2,
2| t X
1 3 2 2 3
+a[k U —3k*hu,, +3kh’u,, —hu , |
+%[k4ut4 —4k°hu,, +6k*h°u,, , —4khu . +h'u, |
1
+a|:k5ut5 _5k4hut4x -|':I.Ok?’l‘]?-l_]ts)<2 _10k2h3utzxs +5kh4utx4 _h5uxs]

+i[k6u6 —6k°h u, +15k*h%u, , —20k%n%u,, ,

6! t t°x tx X

+15Kk*h*u, , —6kh"u, +heu }

+1[k7u7 ~7kh u, +21k°h?u. , —35k*h%u, ,

7! t tox t°x t7 X

+35k3h4ut3 \ —21k2h5u[2 . +7kh6ul s—h'u, ]
X X X X + .

k? k? k* k® k® k’
—Z{Uij +ku +—uU,+—U,+—U,+—U,+—U, +—U, +}
21 31 o4 51t gt 7t
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sy ku, +hu, + [ kP U, +2hku +k7 ]
2! t X
+%[k3ut3 +3Kk*hu,,, +3khu,, +h%u, |
+1[k4u4 +4k%hu, +6k?h%u, , +4kh%u_, +h%u ]
4| t t°Xx t°x tx X

1
+a|:k5ut5 +5k4hut4x +1Ok3h2ut3x2 +10k2h3ut2X3 + 5kh4Utx4 n hsux5:|
+£[k6u . +6k°h u, +15k*h%u, , +20k3h%u, ,
6! t t°x t'x t°x
+15K°h*U .+ Bk, +h'u, |
+1[k7u7 +7k°h u, +21k°h2u. , +35k*h%u,, ,
7| t t°x X t* x
+35k3h4ut3 ot 21k2h5utzxs +7kh6ut ot h7ux7 ]+}
Then we get:
k2 k3 k* '§

Tij/CN =Eut2 +§ut2 +zut2 +§Ut2 +aut2 +...

h? h* h®
—2{—u4+—u6+—u8+..}
41 < 6l ¥ 81 X

k k? k? k*

-—u 2__u22__u32__u4z
2 tx 4 t°x 12 t°x 48 t'x
_702k5 52—8C2k6u62—9C2k7u72—...
T TR TR
kh? k*h® 35k°h? °C,k*h?

T A A 4 u 2,4 u 34 u4 4
24 48 7 B g
9c4k5h2 10C4k6h2

- us 4 Ue 4

9! X 10! X
C, kh* 8C kh* °’C.k°h*
- u 6 u 2,6 u3 6
7| tx 8| t°x 9| t°x
_10C6k4h4 ~ 11C6k5h4

u4 6 —U5 6 " wes
01 X i =
Accordingly, we get:

k k? k® k* k®
Tij/CN: u,+—u,+—uU,+—U;+—U; +...
210 310 410 510 61!
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2h? 2h* 2h® 2h®
- u,-— Ue— Us— U, —
41 ! 81 *x 10!~
ok ek °C,k° °C,k*

2 2,2 2 t42

31 ¢ 41 ¢ 5 gt
_*Ckh? y _fckn? 7C4k3h2u _SC4k4h2u

4 t2x4_ 7 : 3y 8 ! tayd

51 g
~ 7C6kh4 ~ 8C6k2h4 9C6k3h4 ~ 1OC6k4h4

6 t36

71 U 8!utzx 9 1 tx 10!““‘x

6

2(n—1) 0 n+2C kn
2

2n 2¢n

———-\Uu
:n:2n - Z2(2n)l X n1(n+2)! Xt
_i n+4C k h2 i n+6C k h4
ST nea) & ey
B y n+2mC2mknh2(m—1)
mz (2m) | = w1 (n+2m) !
h

4 _i iknhz(ml)
= (2m)! " nizm)t 7 | ‘)

2. The LTE for The Restrictive Pade™ Approximation for IBVP for Parabolic
Type: ['] _ _ _ _
By computing the j™ and zero™ levels for Crank-Nicolson method, its truncation
errors are Tijcn and Tioen. There finite difference forms are:*

n

UXthn ]lj

Tisen :1 (—l ru_, +(1+r)y, —lrumj —(1 ru_, +(1-r)uy, +lrumj
k| 2 2 ), \2 2" (@
Similarly,

1 1 1 1 1
Toon = EK_E ru_ +(1+r)uy, -3 ruM]1 _(5 ru_ +(1-r)uy, +E rumjj

By computing the j™ and zero™ levels for restrictive Pade™ method , its truncation
errors are Tijrp and Tiore . There finite difference forms are:

Tij/RP:%((gi_%) r ui—l+(1+(1+8i)r)ui+(gi_%) r ui+1jj+l
—%((6}4—%) r ui_1+(1+(gi—1)r)ui+(gi+%) r umj

N C)
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Then we get:
rgi i+1 i i
Tij/RP = T z (U| -y, )+Tij/CN
I=i-1
i.e. Tijre = 1 8i6ij + TijeN (6)
where:

_ j+1 j i+ j+1 j
__I:u —Uiy U u Uiy _ui+l:|
1 i+1 .
i+ _ i
o5 = P (u| -4 )
I=i-1 (7)

Usmg Taylor expansion and grouping them with ascendina nnware nf h and L
4

=(3ut+h2utz +2h—u L H2—u, +J
X 4 | X 6 | X

opt

4 6
+lk[3u2+h2“+2h 24+2h U, . +.. j
21! t t 4 1 6 1

4 6
+ik2£3u3+h2u32+2h—u34+2h—u“+...w
3 | t °x 4 | X

1 h4 6
+—k3[3u4+h2u42+2—u44+2—u46+...j
41 (T e T e ! .

Or, in the series summation form:

o |, N-1 0 h2m
Z ( t"xzm]
n=1 ! m=1 (2 ) ! ij (8)

Tiore = I &i0io + Tioicn (9)

1 i+1 L 0
Oio :EZ(W -4 )

I=i-1 ,or

n-1 0 h2m
—Z ( ={el >)

The main idea of the restrictive Pade method is to put Tiore = 0 to get &,
i.e. equation (9) will take the form:

Similarly,

where:

Tioen = - 1 &bio . (10)
Eliminating & from equation (6) and (10) we get
Gio Tijirp = Tijien Oio - Tioien Oij (11)

Avoiding the complexity of this equation by using the Cauchy product of two series
(B.4), we get Crank-Nicolson truncation error series relation as follows:

182
Volume 2 First Issue -2023


file:///C:/Users/DELL/Downloads/www.sebhau.edu.ly/journal/index.php/jopas

FEZZAN UNIVERSITY SCIENTIFIC JOURNAL VOL.2 No. 1 2023

1 Syelal] o158 Anals Al
= Fezzan University scientific Journal
WIS
ey Journal homepage: wwwhttps://fezzanu.edu.ly/
o kn—l © 2(m -1) © © 2(m -1)
S = S
Tijen Gio = 2 =2 n=1 m-1 Ti
0 kn 0 h2m
U, +2
2 [ 2 Gyt e Jho
© N k kn—r—l
3 Upa ) (Ui )
B e ke,
0 n

h2rkn—r—1

_an ~(2r+2) Y(n-r) !(u2 2)'1 (Y,
w K" k"th2(m-D
2 7 I(n—r) (2m) !(uxz"’“)ij(ut”’r)io

0 n o krkn—r—thm
22,20, (r+)!(n-r) !(2m) !(ut""xzm)io(utf“)ij

n=1 r=1 m=1

>
Il
UN
-
Il
UN
3
Il
UN

00 n

|
1]
M

h2rkn r—1h2m
(2r+2) Y(n-r) !(2m) (Un o (2

n=l r=1

© N o © h2(p 1)krkn—r—lh2m
N ZZ r 1(2p) Y(n—r) !(2m) !(ut”’rxzm)io(uxz"t“)ij

n=l r=1 p=1 m=1

Similarly, the form for Tio/cnGij.
Substituting in (7) we reduce the restrictive Pade™ truncation error in the following

relation:
Bl bl ]
_62 ” (2r+h22)rk:(;]l_r) ![(UXM )ij (U ). =(Upore ) (U )U}

© N ® kn—lhz(m—l)

_3222 I(n—r) !(2m) ![(Uxmt, )i,- (ut"*f )io —(UXth, )iO (ut”*' )ij:|

Oio Tijirp=

nLrima1 I}

0 o N kn—thm
B e ) e e
knrlh2m+2r

J’iii 2r+2) !(n_r) !(Zm) ![(uxz”z)ij (ut“ X2 ).o (uxz'“)io(ut“’xzm)ij}

n=l m=1 r=1
kn—th(p+m—l)

_zpz;;nz;; r!(2p)!(n—r)!(2m)! [(UXZ”" )ii <u‘”"xzm )io _(uxz"t' )io <ut”"xzm )ii }
o9
Using the relation ox® ot we can reduce (12) to the following form:

.(12)
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© n kn—l
s () o), (e 1)
Oio Tijrp= g‘rz(”l) I(n—r) ! (ut 1)”' (ut )io (ut 1)io(ut )ij

o n kn—r—thr

022 (2r+2) Yn-r) ![(ut'” )y (U)o (U ) (e )u}
o n o kn—lh2(m—1)

S22 I(n—r) !(2m) ![(ut”m)ii(ut”)io_(utr*m)io(ut"’>ii}
RNy e ey (CONCERATRATRNN

n kn—r—1h2m+2r

- 12 = (2r+2) (n — r) !(Zm) !|:(ut”l )ij (ut"’”m )iO _(ut”1 )io (ut"*”m )ij:|

kn—lhz(p+m—1)

_zg;gi r 1(2p) {(n—r) 1(2m) ![(Utpﬂ)ij(utnnm)io—(utw)io(utnﬁm)ij}

(13)
However, we can express (3) and (8) in the following more simple and general forms:

i iamnkn_%m h*m= (u x2Mg" )ij

Tij/CN = m=0 n=0 , (14)
where,
doo=do1=aw =0,
a 2 h*
m0 = Q n =
(2m) 1y = 2(1)e,

-1
amn:—
n | (Zm) !Vm,n=1(1)oo,

1 i=j

and

ij - -
and &;j denotes the Kroniker delta i.e {0 =1

OIS W L LT

m=0 n=0 (15)

Where:
3
IBOn :_I
amo = 0 ¥m = 0(L)oo, N7 vn=1(1)x,
2
ﬂmn = n | (zm) |
and: ' "Vm,n=1(1)co.
So, we get:
_ > > > m kn+ p—1-5,¢ h2m72
u /eN Pio Z Z pZ: Z:: 'B(m*r) p (u x2"t" )ij (u x2M-2rp )io
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0 o0 0 m
_ N+ p—1-06,¢ |4 2M-2
Toran®y = 20 2 3 2 B gk R () (g
n=0 p=0 r=0 X7t Jio \ X t* /j

m=0 0
hence (13) will take the form:

[o.o] o0 m
15,0} 2m-2
Tio lij/re = Zzzarnﬁ(m—r)pkner ="

(16)
o0
For 0x* ot equation (16) will take the following simple form:
TioTirre = 2 2 2 2 ClenBimrypk TN AT
m=0 n=0 p=0 r=0 pm (17)
nr un+r | \u +m-r ). un+r -\ +m-r J.. :|
where:  Pom= [( ' )" ( v )'° ( ‘ )'0( v )” : (18)

_c?t
Then for parabolic problems of continuous exact solution Y4t =€ F(X) e can

easily show that Am =0

3 LTE for The Classical Method for Hyperbolic Type: []

Consider the equation: Ut +aux=0 (19)
The Crank Nicolson finite difference form is

1
E(uim — U )+ 4%\[(“”1 - uifl)j (U ui’l)j”] =0.

1
_(uij+1 —U; ) + %[(Um - ui—l)j + (ui+1 - uifl)j+1:|

Its LTE is Tiyen = K (20)
Using Taylor expansion and dividing them with ascending powers of h and k then, as
we deal with the preceding part, the LTE finite difference form becomes:

h2mfl h2m -1

s) kn 1 a ©
Tion = u, + —_— U onn
j/CN Z ntt “ 2(2m 1) I x Z Z(Zm 1) In 1 *x 1t (21)

n=2 n=l m=1

which can be expressed in the following more S|mple and general form:

IJ/CN Zza h2m an éomu x2m=1n

A0 m—o0 (22)
where
doo=do1=aw =0,
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A 0= a h*
"= omo1) 1 %0 T
(2m-1) N1 ymn=2(1)e,
o = a
mn _ I |
2(2m-1) ! n ! vn, m = 1(1) o,
aner
and XM vm>1,vn>0and Y =uifm<1.
n
-1
o[
For uq+aux=0,then a v n=1(1),
Tien = Zamnhzm_zkn_%mutzmm
hence n=0 m=0 ’
where
o0 =ao1=a10 =0,
. ~ (_1)2m—l ., ~ h2
mo0 — _2m-2 _ ! on — |
a (2m 1) | n ! vV m, n=2(1)w,
2m-1
(Y
mn 2m-2 1 _ 1
and 2 a n ! (2m-1) ! v n,m=1(1) oo.

4. LTE for Restrictive Pade' Approximation for IBVP of Hyperbolic Type: [6]
By computing the j™" and zero' levels for Crank-Nicolson method , its LTESs are Tijcn
ka

r [ —
and Tioen. There finite difference forms for 2h are:

1
Tijon = E[(—VUH +20; U ) — (U 20 - ), } (24)

Similarly,
1
TiO/CN = E[(_rui—l + 2ui +rU, )1 - (rui—l + 2ui — Uiy )o:l
ka

f=—
The Corresponding LTE for restrictive Pade' method using 2h | equation
(24) will take the form:

T.J.,RF,:i[(—rui1+2(1+gi U+ ), —(F Uy +20+e 1) ui—rum)_]

! i
r
_(uij+l - uij )

Tijre= K ai + Tijien (25)
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a
_(uij+l —U; ) .

Then Tijre= 2h ai + Tijien

= Gjjdi+ Tijen, (26)
Where:

% (00 ) =3 2o i ) = 2K (1)

03 = %(”ijﬂ —uij) 2h&ntV i pet “ij 27)

!
for: " 200 ) yn>0andap=0.
Similarly,
Tiorre = Tioren + Oio @i . (28)
Applying the restrictive Pade' method to find 4 wep =~ -
then we get
6io & = -TioeN (29)
Eliminating & from equation (26) and (29) we get
0io Tiyre = Tijien Oio - Tioien Oij. (30)

By (22), (27) and (30) using (28) we get

515 S 8 (1), (), () (00,

Gio TijRrp = n=0m=0r=0
nr _
mo (utzm”’l)ii <ut”” >i0 _(utzm”’l)ij (utn,r )ij .

Then for hyperbolic problems of continuous exact solution U(x.t) =€ “F(X), we can

>

Putting

easily get Ay =0

5 .LTE for Restrictive Taylor Approximation for Solving IBVP of Parabolic
Type: [']

Consider the equation: Ut = Uxx (31)

The finite difference equation is:

1 1
E(uijﬂ —Uj ) = F(UH —2u; + ui+1)j
Its local truncation error finite difference form is:

1 1
Tij/CN = _(uij+1 —U; )_F(ui—l - 2ui + ui+1),-

k (32)
Its local truncation error finite differential form is:
© 2n
n 2 h o
T =z{ e u
N =2 [n+1) 1 (2042 !} et Gl
n=1 ( ) ( ) — t (33)
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K" 2h?2"
. I I .
where  ay= (ML 1 (20+2) Ty o9 4y a9 = 0, (34)

By computing the j™ and zero" levels for restrictive Taylor method, its truncation
errors are Tijcn and Tioren -
As we deal with the preceding two cases we get:

Oy = Z(;ﬁn (Utm )ij
n=

, (35)
2 h2n+2
S =(anr2)
where (2n+ ) ,Vn=1(1)wo, a =0, (36)
then we get
TioTijsar :Z;; a [(Utm )ij (utn—m )io —(Utm )m(

Putting Ay = |:(ut”1 )ij (ut”’”l )io _(ut'+1 )io (ut“"+1 )ij:|

—c%
then for parabolic problems of continuous exact solution u(x,t)=e*"f(x) ,

we can show that A =0
4.6 LTE for Restrictive Taylor Approximation for Solving IBVP for Hyperbolic
Type:
Consider the equation
Ut + aux = 0 (38)
The classical finite difference equation is

1
E(uijﬂ U, )= %(uili -u;)

Its local truncation error is

1
Tij/C = E(uijﬂ —Uj )_%(ui—lj —U; )

: (39)
As we dealt with the preceding parts, we get
Ti' = a,\U.. )
j/C nZ:;, ( t ).J (40)
where:
n _ n+l, n
pe K
(n+1) ! (n+1) 1a"
The corresponding restrictive Taylor approximation is:
1 ag,
E(Uim Uy )= T(“i—li ~u;) (41)
or, (ui,j+l —Ui;)=T1g, (ui—l,j —U; (42)
By computing the j" and zero™ levels for restrictive Taylor method,
188
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its truncation errors are TijrT and TiorT Where

KTijr = (Uij+1 — Uij) —rai(Ui-a;j - Uij) (43)
KTo/r = (Ui —Uig) —T& (U 5o —Uyp) (44)
Putting 6ij = (ui-yj - Uij) we get (45)
Gi' = ﬁn u nJ..
) ; ( t )u , (46)
where:
1(hY
o3l
n\a)
Then k Tijr = (Uij+1 — Uij) —T3i0ij 47)
and K Tior = (U1 — Uio) —Tdibio (48)
eliminating & between (4.43) and (4.44) we get
bio Tijr = Tijic 6io - Tioic i . (49)
Then
IO I]/R nz(;; a n-r [( tr+l)J (utn r ).0 _(utr+1 )iO (utn’r )”j| . (50)

Putting A = [(ut' ' )u (ut”*r )io _(ut”l )io (utn,r )u }

—c2t
then for hyperbolic problems of continuous exact solution Y4t} =€ f(X) '\ can
show that A =0

Conclusion

Let Fj; (u) = O represents the difference equation approximating the PDE at the grid
point (ih, jk). If we replace the exact solution u of the difference equation by the exact
solution U of the PDE, the value of Fjj(U) is called the local truncation error at the
grid point (ih,jk) and is denoted by Tj;.

In order to obtain the order of the local truncation error Ti; one have to use Taylor's
expansion about the point (ih, jk) for each term in Fij(U) and use the original PDE.
The principal part of the local truncation error will indicate its order. The finite
difference method is accurate of order (p, q) if its local truncation error Tj; is of order
(p, q) i.e. Tij =0(hP, k9).

The Round-Off Error:

The finite difference equations can not be solved exactly, even if it is marched,

because the numerical computation is carried out only up to a finite number of
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decimal places. Consequently, another kind of error is introduced in the finite
difference solution during the actual process of computation. This error is called the
round-off error, if the actual computation solution is(]ujj then

Uij -Uuij = rjj
is the global round-off error at the grid point (ih, jk)
Consistency:
The difference equations is said to be consistent with the PDE, if the local truncation
error Tij tends to zero as the mesh lengths tend to zero
Stability:
If the exact solution of PDE is bounded, then the numerical solution must also be
bounded. The concept of stability applies in this case is defined as follows:
"when applied to a PDE that has a bounded solution, a finite difference equation is
stable if it produces a bounded solution and is unstable if it produces an unbounded
solution."
If the exact solution of the PDE is unbounded then the numerical solution also must
be unbounded. The concept of stability doesn't apply in that case.
Convergence:
A finite difference method is convergent if the solution of PDE approaches the exact
solution of the PDE as the sizes of the grid spacing tend to zero.
Theorem (Lax equivalence theorem)
Given a well-posed linear-initial-value problem and a finite difference approximation
to it that is consistent, stability is the necessary and sufficient condition for
convergence.
There are many other methods for solving PDEs, such as Multigrid, Finite Elements,

Boundary Elements, Finite Volume, Flux and Domain Decomposition methods.
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