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 Abstract 
In this study, we introduce a new subclass of bi-univalent functions denoted 

by ℱ∑
α,b.s(λ, δ, v), using Euler polynomials and Hurwitz-Lerch Zeta function. 

Subsequently, an estimation of coefficient bounds and the Fekete-Szegö  
inequality. Additionally, some new results are shown after specializing in the 
parameters employed in the main results. 
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1.Introduction and Previous Studies 
The theory of univalent functions has been one of the central topics in geometric 

function theory, owing to its deep connections with complex analysis and its 
numerous applications. An analytic function f in the open unit disk 
U={z∈C:|z|<1}  is said to be a univalent function if it is one-to-one; the class of all 

such functions is usually denoted by S (see [1]). In 1967, Lewin introduced the 

concept of bi-univalent functions as a natural extension of the popular class of 
univalent functions S. A function fis said to be bi-univalent if both f  and its 
inverse are univalent in the open unit disk U, which is denoted by ∑.  Recently, 

many authors have studied this type of class and investigated upper bounds for the 
coefficients and the Fekete–Szegö inequality of functions belonging to various  

subclasses of bi-univalent functions (see [2–6]). 
Motivated by the important role played by special polynomials in defining various 
subclasses of univalent functions and bi-univalent functions, we turn our attention 

to Euler polynomials, these polynomials, which originate from the pioneering 
work of Leonhard Euler in the eighteenth century, In recent years, Euler 

polynomials have attracted considerable interest in geometric function theory, 
particularly in the study of analytic, univalent and bi-univalent functions.  Due to 
their wide applicability, several authors have derived sharp coefficient estimates 

for different subclasses of analytic and bi- univalent functions associated with 
Euler polynomials. For instance, Amourah et al. [7] and Frasin et al. [8]. In this 

paper, the researcher’s generalization a new subclass of the bi-univalent function 
by Hurwitz- Lerch Zeta function and Euler polynomials, estimated the coefficients 
bounds for |a_2 |and |a_3 | and solve Fekete-Szegö |a_3-μa_2^2 |. 

Let 𝒜  denote the class of all analytic functions in the open unit disk 𝕌 and 
normalized by f(0) = f ′(0)− 1 = 0 of the form: 

                                         f(z) = z +∑ akz
k.∞

k=2                                                   (1)              
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The Koebe one-quarter theorem see [1] offer that every univalent function f ∈ S  

contains a disk of radius (
1

4
), the inverse of  f ∈ 𝕌  is a univalent analytic function 

defined on the disk by 𝕌p ≔ {z: z ∈ ℂ  and |z| < p; p ≥
1

4
}. 

 
Therefore, for each function f(z) =  w ∈ S, there is an inverse function f−1(w) of 
f(z) defined by 

       f−1(f(z)) =  z (z ∈  U)and f( f−1 (w)) =  w (w ∈ 𝕌p), 

where 
g(w) =  f−1(w) 

= w − a2w
2 + (2a2

2 − a3)w
3 − (5a2

3 − 5a2a3 + a4)w
4 + ⋯.         (2) 

 

An example of a function belonging to the class ∑ is h(z) =
z

1−z
 but  h(z) =

z

1−z2 
 

does not belong to the class ∑ (see [9]). 

 
The Euler polynomials Փi(v), similar to other polynomial families, can be derived 

using specific generating function (see [11,12]) as the following:  

K(v,h) =
2ehv

eh+1
  

             = ∑ Փi(v)
∞
i=0  

hi

i!
, (
1

2
< v ≤ 1, |h| < π),  

 
 an explicit formula for Փi(v) is given by 

 

        Փi(v) = ∑
1

2i
∑ (−1)ui
u=0 ( i

u
)(u + v)ji

i=0 .                                                              (3)     

 

Now Փi(v) in terms of Փu  , obtained from (3) as: 

 

          Փi(v) = ∑
ɸu

2u
i
u=0 ( i

u
) (v−

1

2
)
i−u

.  

 
Initial Euler polynomial values are: 

       Փ0(v) = 1;  

       Փ1 =
2v−1

2
;  

      Փ2 = v2 − v;                                                                                                               (4)  

      Փ3 =
4v3−6v2+1

4
;  

       Փ4 = v
4 −2v3 + v.  

 
Definition 1.1.[10] For analytic functions f and g in the unit disk 𝕌, we say that a 

function f is subordinate to a function g, dented by f ≺ g or f(z) ≺ g(z), if there 

exists a Schwarz function w ∈ 𝒜 in the unit disk 𝕌 such that 

f(z) = g(w(z)),(z ∈ 𝕌).  Also, if g  is univalent in 𝕌 , then f ≺ g  if and only if  

f(0) = g(0) and f(𝕌) ⊂ g(𝕌).  
 
2.Materials and Methods 

Lemma 2.1. [1] If p ∈ P,then |cn| ≤ 2 for each n ∈ ℕ , where P is the family of 
analytic functions in 𝕌 such that  

    Re{p(z)} > 0, p(z) = 1+ c1z + c2z
2 + ⋯,   (z ∈ 𝕌).  
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Nagat & Darus ([14,15]) introduced the generalized integral operator associated 

with  the general Hurwitz- Lerch Zeta function, denoted by 𝔍s,b
α f(z) for f ∈  𝒜 as 

follows: 
 

For s ∈ ℂ, b ∈ ℂ − ℤ0
− the generalized integral operator 𝔍s,b

α f(z): 𝒜 → 𝒜 is defined 

by 

         𝔍s,b
α f(z) =  z+ ∑

Γ(k+1)Γ(2−α)

Γ(k+1−α)
(

b

k−1+b
)
s

akz
k∞

k=2  (z ∈ 𝕌, α ≠ 2,3,4, … ).   (5)  

 

Many other works on analytic and univalent functions related to this operator can be 
see ([16]- [19]).  
 

By using a generalized integral operator 𝔍s,b
α f(z) in (5), a new subclass of bi-

univalent functions is considered as the following.  

 
 For  s ∈ ℂ, b ∈ ℂ − ℤ0

− and α ≠ 2,3,4, … , a function  f ∈ ∑ and of the form (1) is 

said to be in the subclass ℱ∑
α,b.s(λ, δ, v)if the following conditions are satisfied: 

      Re{
(1−λ)(𝔍s,b

α f(z))

z
+ λ (𝔍s,b

α f(z)) ՝ + δz(𝔍s,b
α f(z))"} ≺ K(v, z) =

∑ Փi(v)
∞
i=0  

zi

i!
,          (6)  

and 

        Re{
(1−λ)(𝔍s,b

α g(w))

w
+ λ(𝔍s,b

α g(w))՝ + δw(𝔍s,b
α g(w))"} ≺ K(v, w) =

∑ Փi(v)
∞
i=0  

wi

i!
,   (7)  

 

where λ ≥ 1 δ ≥ 0,
1

2
< v ≤ 1 z,w ∈ 𝕌 and g = f−1  . 

 

It is of interest to note that by taking α = 0 and s = 0 in the subclass ℱ∑
α,b.s(λ, δ, v), 

we state the following subclass ℱ∑(λ,δ, v). 

 

     Remark 2.2.[7] If the next subordinations are satisfied for a function f ∈ 𝕌  given  

           Re{(1 − λ)
f(z)

z
+ λf ′(z) + δzf"(z)} ≺ K(v, z) = ∑ Փi(v)

∞
i=0  

zi

i!
,  

and  

    Re {(1− λ)
g(w)

w
+ λg′(w) + δwg"(w)} ≺ K(v, w) = ∑ Փi(v)

∞
i=0  

wi

i!
,  

where λ ≥ 1 δ ≥ 0,
1

2
< v ≤ 1 z,w ∈ 𝕌 and g = f−1  . 

 
 In mathematics, the Fekete–Szegő is an inequality for the coefficients of univalent  

functions found by Fekete and Szegő [13] for the estimates of |a3 − μa2
2| when a1 =

1 with μ real. The well-known result due to them states that if f ∈ 𝒜, then  

           

              |a3 −μa2
2 | ≤ {

4μ − 3                  if μ ≥ 1,

1 + 2exp(
−2μ

1−μ
)    if 0 ≤ μ ≤ 1,

3 − 4μ                 if μ ≤ 0.
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3.Results and Discussion 
For a function f ∈ ∑, we provide the coefficient estimations and solve Fekete-Segö 

for a new class  ℱ∑
α,b.s(λ,δ, v) in the following theorem. 

 

Theorem 3.1. Let f ∈ ∑ given by (1) and belong to the class ℱ∑
α,b.s(λ, δ, v), where 

λ ≥ 1 ,δ ≥ 0,   
1

2
< v ≤ 1 , z, w ∈ 𝕌 and g = f−1 .Then  

 

             |a2| ≤ √
(2v−1)3

2|(1+2λ+6δ)(2v−1)2φ3
α,b,s−2(1+λ+2δ)2(v2−3v+1)(φ2

α,b,s)
2
|
,     

                   |a3| ≤
2v−1

2(1+2λ+6δ)φ3
α,b,s+

(2v−1)2

4(1+λ+2δ)2(φ2
α,b,s)

2, 

and 

       |a3 −μa2
2| ≤

1

{
 
 

 
 

 2v−1

(1+2λ+6δ)φ3
α,b,s  , if   0 ≤ |1 − μ|

(2𝑣−1)3

2|(1+2𝜆+6𝛿)(2𝑣−1)2𝜑3
𝛼,𝑏,𝑠−2(1+𝜆+2𝛿)2(𝑣2−3𝑣+1)(𝜑2

𝛼 ,𝑏,𝑠)
2
|
≤

2v−1

2(1+2λ+6δ)φ3
α,b,s ,

2|1 − μ|
(2v−1)3

2|(1+2λ+6δ)(2v−1)2φ3
α,b,s−2(1+λ+2δ)2(v2−3v+1)(φ2

α,b,s)
2
|
 , if   |1− μ|

(2v−1)3

2|(1+2λ+6δ)(2v−1)2φ3
α,b,s−2(1+λ+2δ)2(v2−3v+1)(φ2

α,b,s)
2
|
≥

2v−1

2(1+2λ+6δ)φ3
α,b,s ,

   

                       
where   

φk=2
α,b,s =

Γ(3)Γ(2−α)

Γ(3−α)
(
b

b+1
)
s

 , and   φk=3
α,b,s =

Γ(4)Γ(2−α)

Γ(4−α)
(
b

b+2
) .s 

  
 Proof. 

 Let f(z) ∈  ℱ∑
α,b.s(λ, δ, v), from (6) and (7), we have   

 

(1 − λ)
𝔍s,b
α f(z)

z
+ λ(𝔍s,b

α f(z))′ + δz(𝔍s,b
α f(z))" ≺ K(v,z).        

by applying some calculating, we obtain  

(1 − λ)
𝔍s,b
α f(z)

z
+ λ(𝔍s,b

α f(z))′ + δz(𝔍s,b
α f(z))" 

= 1 +
(1+λ+2δ)Γ(3)Γ(2−α)

Γ(3−α)
(
b

b+1
)
s

a2z +
(1+2λ+6δ)Γ(4)Γ(2−α)

Γ(4−α)
(
b

b+2
)
s

a3z
2 + ⋯ ≺

K(v, s(z))             (8)  

and  

(1 − λ)
𝔍s,b
α g(w)

z
+ λ(𝔍s,b

α g(w))′+ δw(𝔍s,b
α g(w))" ≺ K(v, s(w))    

Following the same procedure 

(1 − λ)
𝔍s,b
α g(w)

z
+ λ(𝔍s,b

α g(w))′ + δw(𝔍s,b
α g(w))"   = 1 −

(1+λ+2δ)Γ(3)Γ(2−α)

Γ(3−α)
(
b

b+1
)
s

a2w+
(1+2λ+6δ)Γ(4)Γ(2−α)

Γ(4−α)
(
b

b+2
)
s
(2a2

2 − a3)w
2 +⋯ ≺

K(v, s(w))                                                           (9)        
Assume that there are two functions r1 , r2:𝕌 → 𝕌  with r1(0) = r2(0) = 0  and      
|r1(z)| < 1, |r2(w)| < 1 for all z, w ∈ 𝕌. So, we can define γ, σ ∈ P as: 

           γ(z) =
r1 (z)+1

1−r1(z)
= 1+ γ1z + γ2z

2 + γ3z
3 + ⋯, |γi| ≤ 2, i ∈ ℕ.  
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then 

        r1(z) =
γ(z) − 1

γ(z) + 1

=
γ1
2
z + (

γ2
2
−
γ1
2

4
) z2 +

1

2
(γ3 − γ1γ2 +

γ1
3

4
) z3

+⋯                          (10) 
and 

                  σ(w) =
r2(w)+1

1−r2 (w)
= 1+ σ1w +σ2w

2 +σ3w
3 + ⋯, |σi| ≤ 2, i ∈ ℕ. 

then  

r2(w) =
σ(w)−1

σ(w)+1
=

σ1

2
w+ (

σ2

2
−
σ1
2

4
)w2 +

1

2
(σ3 −σ1σ2 +

σ1
3

4
)w3 +

⋯.                                                  (11)  
Using (10) and (11), we get 

K(v, r1(z)) = Փ0(v) +
Փ1(v)

2
γ1z + (

Փ1(v)

2
(γ2 −

γ1

2
) +

Փ2(v)

8
γ1
2)z2 + (

Փ1(v)

2
(γ3 −

γ1γ2 +
γ1
3

4
) +                            

  Փ2

4
(γ1γ2 −

γ1
3

2
) +

Փ3(v)

48
γ1
3) z3 +

⋯                                                                              (12)  
and  

K(v, r2(w)) = ∑ Փi(v)
∞
i=0  

wi

i!
= Փ0(v) +

Փ1(v)

2
σ1w+ (

Փ1(v)

2
(σ2 −

σ1

2
) +

Փ2(v)

8
σ1
2)w2 (

Փ1(v)

2
(σ3 −                              σ1σ2 +

σ1
3

4
) +

Փ2

4
(σ1σ2 −

σ1
3

2
) +

Փ3(v)

48
σ1
3)w3 + ⋯                                                (13)  

 
From (6), (7) and the previous two equations (10), (11), we have 

   
(1+λ+2δ)Γ(3)Γ(2−α)

Γ(3−α)
(
b

b+1
)
s

a2 =

Փ1(v)

2
γ1                                                                                                (14)  

 
(1+2λ+6δ)Γ(4)Γ(2−α)

Γ(4−α)
(
b

b+2
)
s

a3 =
Փ1(v)

2
(γ2 −

γ1

2
) +

Փ2(v)

8
γ1
2                                                                (15) 

−
(1+λ+2δ)Γ(3)Γ(2−α)

Γ(3−α)
(
b

b+1
)
s

a2 =

Փ1(v)

2
σ1                                                                                              (16)  

and  
 
(1+2λ+6δ)Γ(4)Γ(2−α)

Γ(4−α)
(
b

b+2
)
s
(2a2

2 − a3) =
Փ1(v)

2
(σ2 −

σ1

2
) +

Փ2(v)

8
σ1
2                                                  (17)   

From (16), we have 

                         (1 + λ + 2δ) φ2
α,b,sa2 = −

Փ1(v)

2
σ1 

Adding two equations (14) and (16) and some simplifying, we obtain 
 

                        γ1 = −σ1    and      γ1
2 =

σ1
2                                                                                              (18) 

and    
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2(1 + λ + 2δ)2(φ2
α,b,s)

2
a2
2 =

Փ1
2(v)

4
(γ1
2 +

σ1
2)                                                                                       (19)  

a2
2 =

Փ1
2(v)(γ1

2 + σ1
2)

8(1 + λ + 2δ)2(φ2
α,b,s)

2 

Adding (15) to (17), we get 

  8(1+ 2λ + 6δ)φ3
α,b,s

a2
2 = 2Փ1(v)(σ2 + γ2) + (γ1

2 + σ1
2)(

Փ2(v)

2
− Փ1(v)) 

by (18), we have 

  8(1+ 2λ + 6δ)φ3
α,b,sa2

2 = 2Փ1(v)(σ2 + γ2) + γ1
2(Փ2(v) −

2Փ1(v))                                         (20)  
 
Also, applying (18) in (19), we have  

γ1
2 =

4(1+λ+2δ)2(φ2
α,b,s)

2
a2
2

Փ1
2(v)

                                                                                                                           (21)   

Replacing  γ1
2 in (20) 

a2
2 =

Փ1
3(v)(σ2+γ2 )

2[2(1+2λ+6δ)φ3
α,b,sՓ1

2(v)−(1+λ+2δ)2(φ2
α,b,s)

2
(Փ2(v)−2Փ1(v))]

  

 |a2|
2 =

Փ1
3(v)(|σ2|+|γ2|)

2|2(1+2λ+6δ)φ3
α,b,sՓ1

2(v)−(1+λ+2δ)2(φ2
α,b,s)

2
(Փ2(v)−2Փ1(v))|

 

Applying (4) and Lemma 2.1, we obtain 

 |a2| ≤ √
(2v−1)3

2|(1+2λ+6δ)φ3
α,b,s(2v−1)2−2(1+λ+2δ)2(φ2

α,b,s)
2
(v2−3v+1) |

, 

subtracting (17) from (15), then view (18) and after doing some calculations, we 
have 

8(1 + 2λ + 6δ)φ3
α,b,sa2

2 −8(1 + 2λ + 6δ)φ3
α,b,sa3 = 2Փ1(v)(σ2 − γ2) +

(γ1
2 −σ1

2) (Փ2
(v)

2
−

                                                                                                                                                                              Փ1(v)),  

then,  
 

a3 = a2
2 +

Փ1(v)(σ2−γ2 )

4(1+2λ+6δ)φ3
α,b,s                                                                                                       (22)  

 
From (19), we get 

 

a3 =
Փ1
2(v)(γ1

2)

4(1+λ+2δ)2(φ2
α,b,s)

2 +
Փ1(v)(σ2−γ2 )

4(1+2λ+6δ)φ3
α,b,s  

 
Appling (4) and lemma 2.1, we have 

|a3| ≤
(2v−1)2

4(1+λ+2δ)2(φ2
α,b,s)

2 +
2v−1

2(1+2λ+6δ)φ3
α,b,s , 
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From (22), we obtained 

a3 −μa2
2 =

Փ1(v)(σ2−γ2 )

4(1+2λ+6δ)φ3
α,b,s + (1− μ)a2

2  

 

     a3 −μa2
2 = 

Փ1(v)(σ2−γ2 )

4(1+2λ+6δ)φ3
α,b,s + 

(1−μ)Փ1
3(v)(σ2+γ2 )

2[2(1+2λ+6δ)φ3
α,b,sՓ1

2(v)−(1+λ+2δ)2(φ2
α,b,s)

2
(Փ2(v)−2Փ1(v))]

       

By using assist (4) in conjunction with the triangular inequality,  
we get:  

 

  |a3 − μa2
2 | ≤ 

                    
2v−1

2(1+2λ+6δ)φ3
α,b,s +

|(1−μ)|(2v−1)3

2|(1+2λ+6δ)φ3
α,b,s  (2v−1)2−2(1+λ+2δ)2(φ2

α,b,s)
2
(v2−3v+1)|

  

  |a3 −μa2
2  | ≤ 

       
2v−1

2(1+2λ+6δ)φ3
α,b,s + |(1 − μ)|

(2𝑣−1)3

2|(1+2𝜆+6𝛿)(2𝑣−1)2𝜑3
𝛼 ,𝑏,𝑠−2(1+𝜆+2𝛿)2(𝑣2−3𝑣+1)(𝜑2

𝛼,𝑏,𝑠)
2
|
  

If  

   |(1 − μ)|
(2v−1)3

2|(1+2λ+6δ)(2v−1)2φ3
α,b,s−2(1+λ+2δ)2(v2−3v+1)(φ2

α,b,s)
2
|
≤

2v−1

2(1+2λ+6δ)φ3
α,b,s ,  

we obtain 

          |a3 −μa2
2  | ≤

2v−1

(1+2λ+6δ)φ3
α,b,s . 

And if 

     |(1 − μ)|
(2𝑣−1)3

2|(1+2𝜆+6𝛿)(2𝑣−1)2𝜑3
𝛼,𝑏,𝑠−2(1+𝜆+2𝛿)2(𝑣2−3𝑣+1)(𝜑2

𝛼 ,𝑏,𝑠)
2
|
≥

2v−1

2(1+2λ+6δ)φ3
α,b,s ,  

we obtain 

     |a3 −μa2
2 | ≤ 2|(1 − μ)|

(2𝑣−1)3

2|(1+2𝜆+6𝛿)(2𝑣−1)2𝜑3
𝛼 ,𝑏,𝑠−2(1+𝜆+2𝛿)2(𝑣2−3𝑣+1)(𝜑2

𝛼,𝑏,𝑠)
2
|
.  

 
This completes the proof. 

 

When we set φ2
α,b,s = 1, and φ3

α,b,s = 1 in Theorem 3.1, we have  

 

Corollary 3.2. [7] Let f ∈ ∑ given by (1) be in the class ℱ∑
0,b.0(λ, δ, v) where, 

 𝜆 ≥ 0, δ ≥ 0,
1

2
< v ≤ 1  z, w ∈ 𝕌 and g = f−1 ,then 

 

|a2| ≤ √
(2v−1)3

2|(1+2λ+6δ)(2v−1)2−2(1+λ+2δ)2(v2−3v+1) |
,  

 

|a3| ≤
2v−1

2(1+2λ+6δ)
+

(2v−1)2

4(1+λ+2δ)2
,  

 
and  
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|a3 −μa2
2 | ≤

{

 2v−1

(1+2λ+6δ)
        if                  0 ≤ |1 − μ|

(2𝑣−1)3

2|(1+2𝜆+6𝛿)(2𝑣−1)2−2(1+𝜆+2𝛿)2(𝑣2−3𝑣+1) |
≤

2v−1

2(1+2λ+6δ)
,

2|1 − μ|
(2v−1)3

2|(1+2λ+6δ)(2v−1)2−2(1+λ+2δ)2(v2−3v+1)|
  if |1 − μ|

(2𝑣−1)3

2|(1+2𝜆+6𝛿)(2𝑣−1)2−2(1+𝜆+2𝛿)2(𝑣2−3𝑣+1)|
≥

2v−1

2(1+2λ+6δ)
.
  

 
When we set λ = 1 in corollary 3.2, we get the next remark. 

Remark 3.3. [7] Let f ∈ ∑ given by (1) in the class ℱ∑
0,b.0(1,𝜖, v) where, 𝛿 ≥ 0,

1

2
<

v ≤ 1  z, w ∈ 𝕌 and g = f−1 ,then 

 

                |a2| ≤ √
(2v−1)3

2|3(1+2𝛿)(2v−1)2−8(1+𝛿)2(v2−3v+1) |
,  

 

        |a3| ≤
2v−1

6(1+2𝛿)
+

(2v−1)2

16(1+𝛿)2
  , 

 

and  
|a3 −μa2

2 | ≤

{

 2𝑣−1

3(1+2𝛿)
       if             0 ≤ |1 − 𝜇|

(2𝑣−1)3

2|3(1+2𝛿)(2𝑣−1)2−8(1+𝛿)2(𝑣2−3𝑣+1)|
≤

 2𝑣−1

6(1+2𝛿)
,

2|1 − 𝜇|
(2𝑣−1)3

2|3(1+2𝛿)(2𝑣−1)2−8(1+𝛿)2(𝑣2−3𝑣+1)|
  if    |1 − 𝜇|

(2𝑣−1)3

2|3(1+2𝛿)(2𝑣−1)2−8(1+𝛿)2(𝑣2−3𝑣+1)|
≥

 2𝑣−1

6(1+2𝛿)
.

  
When we set δ = 0  in corollary 3.2, we get the next remark.  

Remark 3.4. [7] Let f ∈ ∑ given by (1) in the class ℱ∑
0,b.0(𝜆, 0, v) where, 𝜆 ≥ 0,

1

2
<

v ≤ 1  z, w ∈ 𝕌 and g = f−1 ,then 

 

    |a2| ≤ √
(2𝑣−1)3

2|3(1+2𝜆)(2𝑣−1)2−2(1+𝜆)2(𝑣2−3𝑣+1) |
 , 

    |a3| ≤
2v−1

2(1+2𝜆)
+

(2v−1)2

4(𝜆+1)2
, 

and  

 
|a3 −μa2

2 | ≤

     {

2v−1

(1+2λ)
                     if                0 ≤ |1 − μ|

(2v−1)3

2|3(1+2λ)(2v−1)2−2(1+λ)2(v2−3v+1)|
≤

2v−1

2(1+2λ)
,

2|1 − μ|
(2v−1)3

2|3(1+2λ)(2v−1)2−2(1+λ)2(v2−3v+1)|
if |1 − μ|

(2v−1)3

2|3(1+2λ)(2v−1)2−2(1+λ)2(v2−3v+1) |
≥

2v−1

2(1+2λ)

  
When we set δ = 0, and λ = 1 in Corollary 3.2, we get the following remark.  

Remark 3.5. [7] Let f ∈ ∑ given by (1) in the classℱ∑
0,b.0(1,0,v)  where, δ ≥ 0,

1

2
<

v ≤ 1  z, w ∈ 𝕌 and g = f−1,then 

               |a2| ≤ √
(2𝑣−1)3

2|4𝑣2+12𝑣−5|
,  

 

      |a3| ≤
2v−1

6
+
(2v−1)2

16
, 

and  
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    |a3 − μa2
2|

≤

{
 
 

 
 2v − 1

3
  if  0 ≤ |1 − μ|

(2v− 1)3

2|4v2 +12v − 5|
≤
2v− 1

6
,

2|1 − μ|
(2v− 1)3

2|4v2 + 12v− 5|
if |1 − μ|

(2v− 1)3

2|4v2 +12v− 5|
≥
2v− 1

6

 

 
4.Conclusion 
Special functions and polynomials are used in many differential mathematical and 

scientific fields that have recently been researched. Then, finding the upper bounds. 
Motivated by these developments, the present work introduces a new subclass of bi-

univalent functions associated with Euler polynomials through a generalized integral 

operator. By employing this operator, we derive upper bound for and 

 
Moreover, the results highlight the effectiveness of Euler polynomials in addressing 
coefficient-related problems for bi-univalent functions, leaving further sharpness 
investigations as an open problem for future research. 

 
Acknowledgments 

The authors thank the referees for helpful comments that improved the clarity of the 
paper. 
 

References 
[1] Duren, P. L. (1983). Univalent Functions. New York: Springer-Verlag. 
 

[2] Al-Hawary, T., Amourah, A., Alsoboh, A., & Alsalhi, O. (2023). A new 
comprehensive subclass of analytic bi-univalent functions related to gegenbauer 

polynomials. Symmetry, 15(3), 576. 
        
[3] Amourah, A., Frasin, B. A., Murugusundaramoorthy, G., & Al-Hawary, T. 

(2021). Bi-Bazilevic functions of order ϑ+iδ associated with(p,q)-Luca’s 
polynomials. AIMS Math, 6(5), 4296-4305. 

        
[4] Peng, Z., Murugusundaramoorthy, G., & Janani, T. (2014). Coefficient estimate 
of biunivalent functions of complex order associated with the hohlov 

operator. Journal of Complex analysis, 2014(1), 693908.        
  

[5] Al-Hawary, T.,Yousef, F., & Murugusundaramoorthy, G. (2019). Fekete–Szegö 
functional problems for some subclasses of bi-univalent functions defined by Frasin 
differential operator. Afrika Matematika, (30), 495-503. 

 
[6] Bulut, Serap, Magesh, Nanjund., & Abirami, Chinnaswamy, (2017). A 

comprehensive class of analytic bi-univalent functions by means of Chebyshev 
polynomials. J. Fract. Calc. Appl, 8(2), 32-39. 
 

[7] Frasin, B. A., Al-Hawary, T., Amourah, A., Salah, J., & Al-Refai, O. (2024). 
Inclusive subclasses of bi-univalent functions specified by Euler 

polynomials. European Journal of Pure and Applied Mathematics, 17(4), 2538-
2549. 



Alabbar& Aljamie                         Involving Euler Polynomials and Hurwitz Fekete-Szegö  

  

381 
     Volume 5 – (N.1) – 2026           

[8] Amourah, A., Jarwan, D., Salah, J., Mohammed, M. J., Meqdad, S. A., & 
Anakira, N. (2024). Euler polynomials and bi-univalent functions. European 

Journal of Pure and Applied Mathematics, 17(3), 1948-1958. 
 

[9] Al-Hawary, T. (2022). Coefficient bounds and Fekete–Szegö problem for 
qualitative subclass of bi-univalent functions. Afrika Matematika, 33(1), 28. 
 

[10] Miller, S. S., and Mocanu, P. T. (1978). Second order differential inequalities 
in the complex plane. Journal of Mathematical Analysis and Applications, 65(2), 

289-305. 
 
[11] Srivastava, H. M. (2000). Some formulas for the Bernoulli and Euler 

polynomials at rational arguments. In Mathematical Proceedings of the Cambridge 
Philosophical Society 129(1),77-84.  

 
[12] Kac, V. G., & Cheung, P. (2002). Quantum calculus (Vol. 113). New York: 
Springer. 

 
[13] Fekete, M., & Szegö, G. (1933). Eine Bemerkung über ungerade schlichte 

Funktionen. Journal of the london mathematical society, 1(2), 85-89. 
  
[14] Mustafa N.M & Darus. M., (2011), On a subclass of analytic functions with 

negative coefficient associated to an integral operator involving Hurwitz- Lerch Zeta 
function,” Vasile Alecsandri” University of Bacau Faculty of Sciences Scientific 

Studies and Research Series Mathematics and Informatics. 21(2): 45 - 56. 
 
[15] Mustafa N.M.  & Darus. M. (2012). Inclusion relations for subclasses of 

analytic functions defined by integral operator associated Hurwitz- Lerch Zeta 
function. Tansui Oxfored journal of Information and Mathematics Sciences 28(4): 

379-393.   
 
 [16] Aljamie, A. A& Alabbar, N. M. (2025). Using a General Hurwitz-Lerch Zeta 

for BI-Univalent Analytic Functions to Estimate a Second Hankel 
Determinant. International Journal of Research and Scientific Innovation, 12(5), 

1502-1511. 
 
[17] Alkabaily, S. M., & Alabbar, N. M. (2020). Hankel determinant for certain 

subclass of analytic functions assolated with generalized Srivastava – Attiya 
operator, Journal of Applied Science, Issue (4),1-9. 

 
[18] Alabbar, N, M, Alkabaily,S.M & Amer, A.A. (2024). Hankel determinant 
problem for a new subclass of analytic functions defined by integral operator 

associated with the Hurwitz-Lerch zeta function, academic open journal of applied 
and human sciences, 5 (2) 2709-3344. 

 
[19] Mustafa,N,M &Darus M. (2012). Partial sums for class of analytic functions 
defined by integral operators. Regional Annual Fundamental Science Symposium. 

Journal Fundamental and Applied Sciences 8(5): 230-235. 


