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Abstract

In this work, we investigate a family of meromorphic p-valent functions
defined in the punctured unit disk with prescribed positive coefficients.
New coefficient bounds are derived for this class using analytic techniques
adapted to uniformly B-starlike functions. In addition, we establish that the
proposed class is invariant under arithmetic means and convex linear
combinations. Finally, the radius of convexity is determined, and it is
shown that the obtained results are sharp.
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Introduction and Previous Studies
Let zZ, denote the class of functions of the form

P@) =& P + X Qpan 1 EPT P EN ={12,...]) (1.1)

which are regular and p-valent in the punctured unit disc
U*={¢ : 0<[§] <1} Furthermore, we consider the subclass Z; © Z, defined

via functions that can be written in the form

l,b(f) = ‘f_p +E§j=1 ap+n—1‘fp+n_1(ap+n—1 = C')- (12)
A function (&) € Z, is said to be in the class Z;(p, @, B) if
§Y'() §Y'(§)
~rel g+l B

for 0=a<pand §=0.

Meromorphic univalent functions have been extensively studied by Aouf and
Silverman [1], Pommerenke [10], Clunie [4], Libera [6], Padmanabhan [9], Mogra
et al. [8] and Uralegaddi [12]. Meromorphic p-valent functions have been
extensively studied by Joshi and Aouf [5], Aouf et al. [2,3], Uralegaddi and Ganigi
[13] and Mogra [7].

Lemma 1. Let ¥(&) be defined as in (1.2). A necessary and sufficient condition for
Y(&) € Z;(p,a,B) is that the coefficient inequality

noillm+p) (1 +Bp) + a—1layip =p—a. (1.3)
holds. The obtained condition is the best possible.
Proof. Let the condition (1.3) holds true and using the fact -Re(
w) = fe’¥(w + p) + @ if and only if

—Re{(1+ Be®)w + ppe’®} = q,

we have
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(@) (@)
‘Re{w@) ”}2’8 n6)

+ p ‘ ’
Hence

{(1 + Be'?) fi(g)) + pBe’ } > q,

or, equivalently,

{(1 + Bel®) (&Y' (D) + pﬁelgw@)}
w(&)

where —m = 8 < m. Suppose that
B(&) = —(1 +pe')ey’ (§) — pBeY(?),

H(&) = (8),
and using the fact that

—Re(w) = a ifand only if |w — (p + a)| < |w + (p — @)| where
w = —(u + iv), we need to prove that

B+ (p—a)H(E)| =z [0() - (p+a)H(E)| for 0=a<p.
Then [@(5) +(p—a)HEI —10() —( + @)H(E)| =

n=1 n=1

S [+ p— 1) — (0 — @))apsp-i 77— pBe® T (n + plansp P

k=n k=n
—mp = L A=+ 0k = @ - llacllEF = B T (k +p)(1 =2+ A)lagllE* —
k;n k;n
DD B A=A+ Ak + @+ llallg =B X G +p)(A =2+ A0l E1*
k;n k;n
= HEED 23 (1= 2+ Ak + DlagllEF — 26 3 (k+p)(1 -2+
M) al1E1F = 0

k=n
= 2 +Ak-DIKA+ B+ (@+pBlag=p-—a)(1l—Ap— 1)
Conversely, suppose that f'is in the class M(f; &, 3, A). Then

B (o 8 (E)+AZ2 1" (6)]+pBet® [(1-Ap(E) +AEw' ()]
Re{(l +pe'?)’ DY@ Y @) }

Hence
k=n

(p—a}(l—al—ﬂp}fip— T {k+Bet® (kip)+a)[1+Ak—1)]a ek
e E=n
{l—ﬂ—ﬂp}fip-l- Df [14A(k—1)]arék

If we now choose & — 17, we write
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= k(L4 B) + (@ + pBNIL + Atk — Dlag = (@ — a)(1 — 4 — Ap)
As a direct consequence of Lemma 1, the function (&) given by (1.2) is
contained in the class Z,(p, a,fB) satisty

p—a
ap = [((1+p)(1+Bp)+a-1] (14)

Here we may take
. = (p—a)k
P [a+p)Q+pp)ta-1]’

0<k=<1 (1.5)

Let X} . (p,a,B,k) denote the subclass of Z;(p,a,B) consisting of the functions
of the form

= (p—a)k [e"s] +1n—1
= p p p+n
w(f) f + [{1+p}{1+,8p}+a—1]§ +En=2a’p+]’t—lf (1'6)

where a,y,; =20 and 0 =k < 1.
Materials and Methods

The present study is concerned with deriving sharp coefficient inequalities for
the class I . (p, @, B, k). Furthermore, it is shown that this class is invariant under
arithmetic means as well as convex linear combinations. In addition, the radius of
convexity associated with this class is determined. All results obtained in this work
are proved to be best possible. The analytical techniques employed are consistent
with standard methods commonly used in the theory of univalent functions, see
Silverman and Silvia [11].
Results and Discussion
2. Coefficient Inequalities.
Theorem 1. For the function (&) specified by equation (1.6), membership in the
class X . (p, @, B, k) is characterized by the condition below

n=2l(n +p)(1 +Bp) + a —lapipy = (p—a)(A —k). 2.1)

Proof. Putting
(p —a)k

@ arpa it ra-1 0 TKET

in (1.3) and simplifying we get the result.

Corolary 1. Let the function (&) defined by (1.6) be in the class X, .. (p, a, B, k).
Then
(p—a)(1-k)
Wpn-1 = [Gapyispprrai]

(n=2). (22)

Sharpness of the result is demonstrated by the function

_ = (p—a)k (p—a)(1-k) in-1
— e p pt+n
Y =4+ [(1+p)(1+8p)tea—1] & [(n+p)(1+Bp)+a—1] ¢ (n=2).23)

3. Closure Theorems

This section is devoted to a rigorous analysis confirming that the class
2, x(p, @, B, k) in question meets the proposed criteria is closed under arithmetic
mean and convex linear combination.
Theorem 2. Let the functions
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- { - ]‘k [+2] -
W) =8P + i e S+ Eea Bpenaa 8P (@pen—y 2 0)31)

belong to the class Z;,k(p. a,f, k) forall j =1,2,..., m. Then the function

— '[ - ]'k oo -
9@ = &P s 8P+ B by 187 (Bpany 2 0)
(3.2)

is also in the class Zj . (p, @, B, k), where
1

— m
bp+n—1 - Ezjzl Ap4n-1,j-

(3.3)

Proof. Since () € X . (p,a, B, k) Applying Theorem I, we obtain that

ne2l +p) (A +Pp) +a—1layypnq; = (@ —a)(1 —k)
(3.4)

forevery j=1.2,..., m. Hence

m

N1+ Bp) + @~ gy = D [ APYA+ D) a1 |- apency,
n=2 n=2

j=1

:i ﬁlzﬁzz[(n + p)(l +,8;0) +a— 1]ap+n—1,j = (P - ﬁ)(l - k)
(3.5)

and the result follows.

Theorem 3. Let

- (p—a)k
V@) =8P i ppra-a
(3.6)

and
_ (p-ak (p-a)(1-k) in—1
= &P P P
Vorn-1(8) =80 M gmran . | G s 2 2
3.7)

Then (&) € X, . (p,a, B, k) if and only if it is representable in the form

Y(é) = E?:l p+n—1¢'p+n—1(f)-

(3.8)
n;l
Where ﬂp+n_1 = 0 and E ‘RFH'TL—I = 1
Proof. Let
W@ =D pin1Wpina(®)
n=1

[ +pa+hp) ta—11° LI pa+p) ta—1]
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Since
P—a)A—K)Apsn-1 [ +p)(A +Fp) + a—1]
Lim+p A+ +a—-1"  (@-ad-k

:Z Apin-1=1—-4, =1,
n=2

by Theorem 1, we have (&) € Z . (p, &, B, k).
Conversely, we suppose that Y(¢) defined by (1.6) is in the class X . (p, a, B, k).
Then by using (2.2), we get

o w-wa-k
P T ) A+ Bp) +a—1]

(n=2).

+ 1+ +a—1
Ap+n—1 = L 53(_ a)ff)_ k;r ]ap+n—1(n =2)

Rp =1 _Z Ap+n—1-
n=2

we have (3.8). This completes the proof of Theorem 3.
4. Radius of Convexity
Theorem 4. Let (&) be given by (1.6). If () € X, . (p, @, B, k), then (&) is

meromorphically p-valent convex in 0 < |&| < r =r(p,a,f, k), where
r(p,a,f, k) is the largest value for which

and

3p2(p—a)k P20 4 (ptn—1)(3p+n—-1)(1-k) F2pn-1 < pz
[(1+p)(1+Bp)+a—1] [(14+p)(1+Bp)+a—1]
4.1)
(n=12,...).

The result is sharp for the function

_ - (p—a)k (p—a)(1-k) +n-1
— e p pt+n
Ypan-1(§) =8P + [(1+p)(1+Bp)+a—1] P+ [(n+p)(1+Bp)+a—1] d '

(4.2)
Proof. It suffices to establish that|%‘ =pfor0< || <r(pa,pB k).
Note that

Ey'(§)) + PIP’('f)‘
(&)
2p2(p — a)k 2p - B B N
_[AFpa+Bp) +a—1"  + =@ tn-D@ptn -y _
B —a)k - B =
P TP O ) et ~ B 1= Dy

(4.3)

for0<|f|l<r &
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3pF(p-a)k r?P 4+ ¥* (p+n—10Bp +n— Days,_ 7P =p?.
[(1+p)(1+Bp)+a—1] n=2 prn

(4.4)

Since (&) isintheclass X, (p,a, B, k), from (2.1), we may take

(p—a)(1-K)dpin-1 v
Wtn-1 = (o) 1epprea—] 2n=2 Apn-1 = 1

(4.5)

Given a fixed ry, let n = n(r) denote the positive integer for which the expression
(3p+n—-1)

[(1+p)(1+Bp)+a—1]

Z(p +n—1Bp +n— Dayy, w1

n=2

r2p+n=1 js maximal. It follows that

Bp+n—-Dp-a)(1-k) 2ptn-1
- [A+p)A+Bp)+a—1] '

(4.6)
Next, determine the value Ry = 1y (p, @, 5, k) along with the associated integer
n(ry) so that
3p*(p — a)k Bp+n—-1DpE-a)d-k) p2Pl 2

[(A+p)(A+Bp) +a—1] o [A+p)A+Bp) +a—1] b
It follows that r,serves as the radius of meromorphic p-valent convexity in the
annulus
0 < |&] < rp.
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